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Affine Geometric Crystals and 
Limit of Perfect Crystals 

Masaki Kashiwara * Toshiki Nakashima t Masato Okado * 


1 Introduction 

The theory of perfect crystals is introduced in 0 , 0 in order to study certain physical 
models, called vertex models, which are associated with quantum A-matrices. A perfect 
crystal is a (pseudo-)crystal base of a finite-dimensional module of a quantum affine 
algebra U q (g) (for more details, see 13.31) . and it is labeled by a positive integer l, called 
the level (Definition l-'i.01) . One of the most important properties of perfect crystals is as 
follows: for a perfect crystal B of level l and the crystal B( A) of the irreducible U q (g)- 
module with a dominant integral weight A of level / as a highest weight, there exist a 
unique dominant integral weight /i of level / and an isomorphism of crystals: 

B(A)^B(/i)®B. 

By iterating this isomorphism, we obtain the path realization of B( A), which plays a 
crucial role in solving the vertex models. In [Hj|, for each g = An \ Bn\ Cn \ Dn \ AjAn 
D^l i, , perfect crystals are constructed explicitly by patching two classical crystals. 
It is conjectured that certain “Kirillov-Reshetikhin modules” have perfect crystal bases 
and all perfect crystals are obtained as a tensor product of those perfect crystal bases (J2J, 
|3J). But, it is still far from the complete classification of perfect crystals. 

Let {Bi}i> i be a family of perfect crystals. If it satisfies certain conditions (Defini¬ 
tion ET71) . there exists a limit B^ of In such a case the family {£>/}/>i is called a 

coherent family of perfect crystals (0). Let B( oo) be the crystal of the lower nilpotent 
subalgebras U~(g) of the quantum algebra U q (g). Then, similarly to perfect crystals, we 
have an isomorphism of crystals: 

B( oo) ® Boo = B(oc). 
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By iterating this isomorphism, the path realization of B( oo) is obtained. In J|, for 
0 = An \ Bn \ Cn \ Dn \ ^ 2 n-i; ^n+ii ^ 2 n) explicit forms of the limit of perfect crystals 
are described, which are also reviewed in JI] below. 

A. Berenstein and D. Kazhdan introduced the theory of geometric crystals (JT|), which 
is a structure on geometric objects analogous to crystals. Let I be the index set of 
simple roots of g. A geometric crystal consists of a variety X , a rational C x - action 
e,: C x x X —> X and rational functions 7 $,£*: X —> C which satisfy certain conditions 
(see Definition 12 . 11 ) . This structure resembles the one of crystals, for instance, we have the 
tensor product of a pair of geometric crystals similarly to the tensor product of crystals. 
There is a more direct and remarkable relation between crystals and geometric crystals, 
that is, ulrta-discretization functor UV. This is a functor from the category of positive 
geometric crystals to that of crystals, where a positive geometric crystal is a geometric 
crystal equipped with a positive structure (see Applying this functor, positive 

rational functions are transferred to piecewise linear functions by the following simple 
correspondence: 

x , \ 

iXi/Hi + n, — x — y, x + y > maxli, y). 

y 

The purpose of this paper is to construct a positive affine geometric crystal V(g), 
whose ultra-discretization is isomorphic to a limit of perfect crystals -£> 00 ( 0 ^); where g L is 
the Langlands dual of g. 

Let G (resp. g) be the affine Kac-Moody group (resp. algebra) associated with a 
generalized Cartan matrix A = Let B ± be the Borel subgroup and T the 

maximal torus. Set yi(c) := exp(c/)), and let aA(c) G T be the image of c 6 C x by the 
group morphism C x —> T induced by the simple coroot a k as in 12.11 We set Y t (c) : = 
yi(c~ l )aA(c) = qA(c) y t (c). Let W (resp. W) be the Weyl group (resp. the extended 
Weyl group) associated with g. The Schubert cell X w := BwB / B (w = ■ ■ ■ Si k G W) is 

isomorphic to the variety 


B w := {^(xi) • • • Y ik (xk) | xi, ■ ■ ■ ,x k G C x } C B , 


and X w has a natural geometric crystal structure (P» d)- 

We choose 0 G / as in [1], and let {tt 7 j}; e /\{o} be the set of level 0 fundamental weights. 
Let W(wi) be the fundamental representation of U q (g) with vo * as an extremal weight (|lj). 
Let us denote its reduction at q = 1 by the same notation W(voi). It is a finite-dimensional 
g-module. The module W[wi) is irreducible over U q (g), but its reduction at q = 1 is not 
necessarily an irreducible g-module. We set P(tUj) := (W{mj) \ {0})/C x . 

For any « G /, define (see Id.21 for the definition of the inner product). 


( 1 . 1 ) 


q := max(l, 


Q!j, Clj) 


Then the translation t{c^Wi) belongs to W (see 15.11) . For a subset J of /, let us denote 
by gj the subalgebra of g generated by {ej,/j}, e j. For an integral weight /i, define 

I(v) '■= {j e > 0}. 
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Then we have the following conjecture (mm- 

Conjecture 1.1. (i) For any i G / \ {0} and any positive integer n, there exists a 

finite-dimensional irreducible U q (g)-module W[nwi) with extremal weight nwi, called 
“Kirillov-Reshetikhin module”. 


(ii) The module W[nwi) has a global crystal basis. 

(iii) Rs crystal B[nWi) is perfect if and only if n G cf Z, and its level is equal to n/cf. 

(iv) {B{ncfwi)}n is a coherent family of perfect crystals. We denote by B^Wi) its limit 
crystal. 


Now, let us state our conjecture. 

Conjecture 1.2. For any i G / \ {0}, there exist a unique variety X endowed with a 
positive g-geometric crystal structure and a rational mapping it: X —> IP(tp*) satisfying 
the following property: 

(i) for an arbitrary extremal vector u G W(zUi) fl , writing the translation t(cf p) as 
tw G W with a Dynkin diagram automorphism i and w = ■ ■ ■ Si k ( see EH), 

there exists a birational mapping f: B~ —» X such that f is a morphism of 
8/ (n)-geometric crystals and that the composition tt o £: B~ —> P(roj coincides with 
Y il (x i) • • • Y ik (xk) e-i► Yifix i) • • • Y ik (xk)u, where s it ■ ■ ■ s ik is a reduced expression of 
w and u is the line including u, 


(ii) the ultra-discretization of X is isomorphic to the crystal B Q 
dual g L . 


(zuf) of the Langlands 


In this paper, we construct a positive geometric crystal for some i = 1 and for g = A 


Bn \ Cn 1 , Fin 1 , F>fif } , Aff , with this conjecture as a guide. 

Let W[w i) be the fundamental g-module as above (@]) an d «i := an extremal 
weight vector of W{w\) with the weight w\. 

Then t(cfwi) belongs to W and fsee 15.11) there exist W\ G W and a Dynkin diagram 
automorphism i such that t{cfwi) = i ■ w\. Associated with this W\, we define 


papt 

,(1) dP 


I (2) 


)( 2 ) 


( 1 ) 


Xi :=S-. 

Then I(w i) — I \ {0} and Xi has a structure of g/\ {o}-geometric crystal. 

Let us choose another extremal weight vector U 2 with extremal weight rj such that 
I{rf) — I \ {i 2 } for some i 2 0. Then there exists w 2 G W such that t(cfrj) = t ■ w 2 . We 
define similarly 

*2 := B ~ 2 

which has a structure of g/\{i 2 }-geometric crystal. We have the rational mapping X u —> 
P(rui) {y = 1,2). 


3 


Then we see (by a case-by-case calculation) that there exists a unique positive bira- 
tional mapping £: Xi —> X 2 such that the diagram 





commutes and £ commutes with Si for i ^ 0, i 2 . Moreover, £ is an isomorphism of 0/\{o,i 2 }" 
geometric crystals. 

Now the g-geometric crystal V(g) is obtained by patching Xi and X 2 by £. The 
relations (i)-(iv) in Definition o is obvious for (i,j) ^ (0,* 2 ), (* 2 , 0 ) and we check these 
relations for (i,j) = (0,i 2 ), (*2,0) by hand. In this paper we choose p = ow\ for some 
Dynkin diagram automorphism a except the case g = A 2r l . 

We then show that the ultra-discretization of V(g) is isomorphic to the crystal B^wi) 
of the Langlands dual g L . 

The organization of the paper is as follows. In m we review basic facts about geometric 
crystals following ij. [T3] . ^ TH| . In we shall recall the notion of the limit of perfect 
crystals and give examples of the limit Poo(fl L ) of perfect crystals following [Hj. In m 
we present the explicit form of the fundamental representation W(w\) for each affine Lie 
algebra g. In we shall construct the affine geometric crystal V(g) associated with 
the fundamental representation W(w\). In (jHl we prove that the ultra-discretization 
UV(V(q)) is isomorphic to S 00 (g i ). 

2 Geometric crystals 

In this section, we review Kac-Moody groups and geometric crystals following P, eh, 

eh, csi, eh, ra- 

2.1 Kac-Moody algebras and Kac-Moody groups 

Fix a symmetrizable generalized Cartan matrix A = (ap)*,^/ with a finite index set /. 
Let (t, {cq} iG /, (aN}i e /) be the associated root data, where t is a vector space over C and 
{ a i}iei C t* and {aN} ie / C t are linearly independent satisfying atj(aY) = a t j. 

The Kac-Moody Lie algebra g = g(A) associated with A is the Lie algebra over C 
generated by t, the Chevalley generators e* and /* (* G I) with the usual defining relations 
(EH,EH)- There is the root space decomposition g = © Q6t »g a . Denote the set of roots 
by A := {a e t* | a ^ 0, g a ± (0)}. Set Q = )>T Q+ = Y,i z >o<L, Q v = Yli % a i and 
A + = An Q + . An element of A + is called a positive root. Let P C t* be a weight lattice 
such that C ® P = t*, whose element is called a weight. 
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Define the simple reflections s, G Aut(t) (i E I ) by Si(h) := h — ai(h)a^ , which 
generate the Weyl group W. It induces the action of W on t* by Sj(A) := A — A(aT)cq. 
Set A re := (u'(cq) \ w E W, i E /}, whose element is called a real root. 

Let G be the Kac-Moody group associated with g (BED- Let U a : = expg a (a E A re ) 
be the one-parameter subgroup of G. The group G is generated by U a (a E A re ). Let U^- 
be the subgroup generated by U± a (a E A+ = A re fl Q+), i.e., := (U± a \a E A+). 

For any i E I, there exists a unique group homomorphism 0*: SL 2 ( C) —> G such that 

0»((J |))=exp(tei), (( J l)) =ex P (tfi) (t E C). 

Set a 4 v (c):=0j ((g c -i)), ay(f):=exp (te*), ^(t): = exp (tfi), G i :=0 i (S'L 2 (C)), T i :=a)'(C x ) 
and Ni := N Gi {Tj). Let T be the subgroup of G with the Lie algebra t which is called 
a maximal torus in G, and let B ± = U ± T be the Borel subgroup of G. Let N be the 
subgroup of G generated by the A0s. Then we have the isomorphism 0: W-—*N/T 
defined by 0(s0 = N(T/T. An element s* := Xi(-l)yi(l)xi(-l) = 0* ((? 0 1 )) in N G (T) is 
a representative of s* G W = N G (T)/T. 


2.2 Geometric crystals 

Let W be the Weyl group associated with g. Define R(w) for w E W by 




R(w) := {(ii, 

*2, ' 

■■ ,ii)E I 1 \ 

where l 

is the length of w, i.e., R( 

w) is the set of 

Let 

A be a 

variety, y*: X — i 

• C 

and £j: A 

A, and 

&i ■ c x 

x X —> X ((c,x) >—>■ e c Ax)) a : 

i = Gi,' 

■ ’ ■ > k) € 

: R(w), set : = 

S H ‘ 

s q+i (Ay) 



ej : T x A -»• 

A 




(t,x) ^ 

ef( 

:*) :=«f’ W 

Definition 2.1. 

A quadruple (A, 


{y*! he/; 


’*2 s k } J 


C (i E I) rational functions on 


*2 


if 


(i) {1} x A C dom(ei ) for any i E I. 

(ii) 7 j(ef(x)) = c ai ^j(x). 

(iii) e\ = e\’ for any w E W and i. i' G R(w). 

(iv) £i(e c i(x)) = c -1 ei(x). 
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Note that the condition (iii) is equivalent to the following so-called Verma relations : 

if Qjij CLji 0 , 

if a l j CLj^ 

if ciij 2 , aji 1 , 

if CL^j 3, CLji 17 

Note that the last formula is different from the one in n, in. m which seems to be 
incorrect. 


„C1 C 2 _ C2 Cl 

p ci C1C2 c 2 _ C 2 C 1 C 2 Cl 

c i c j c i c j 

P C 1 cfc 2 C1C2 C2 _ C 2 C 1 C 2 c l c 2 Cl 

c i 

e ■ 1 e'j 1C2 e J 1C2 1C2 e, Cl C2 ej 2 = efef C2 t 


L c ? c V c i C2 c Cl 


2.3 Geometric crystal on Schubert cell 

Let X := G/B be the flag variety, which is the inductive limit of finite-dimensional pro¬ 
jective varieties. For w e W, let X w := BwB/B C X be the Schubert cell associated with 
w, which has a natural geometric crystal structure (P, [HD- For i= (*!,■■■ ,ik) e R(w), 
set 


(2.1) B { := {l^ci, ■ • • ,c fc ) := ^(ci) • •-^(cfc) | Ci • • • ,c fc G C x } C 5 


where Y t (c) := ?/j(c _ 1 )a) / (c). Then B^ is birationally isomorphic to and endowed with 
the induced geometric crystal structure. The explicit form of the action on B^ is given 
by 

e iW,(ei) • "Vi,(c t )) = Yi,(Ci) ■ ■-Y^Ci,) 

where 


E 


+ 


E 


( 2 . 2 ) 


Ci- 


= Cn 


a il,i / v a U .i a i■ 

l<m<j,im=i ^m— 1 j<m<k : im=i 


*1 KJ ' l m — 1 

C i ' ' 'Crn-i C m 


E 


r**!’* . . . r aim -i'V - r ■■•c 

im=i 1 m—1 Bn j<m<k,im=i 


E 


'*'*1 


m—1 ( "I 


We also have the explicit forms of rational functions e* and 7 $: 

1 




im=i —1 r\ 


, 7i(^U ( C l) ■ ■ ■ Yii( c k)) — C 1 


■■■Cl 


Q>iu 


■"m -1 ^Bn 


2.4 Positive structure, Ultra-discretization and Tropicalization 

Let us recall the notions of positive structure and ultra-discretization/tropicalization. 
The setting below is same as in [TH] , Set R := C(c) and define 


v: R\{ 0} 

/(c) 
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Z 

deg(/(c)). 








Here deg is the degree of poles at c = oo. Note that for /i, f 2 G R \ {0}, we have 

(2-3) v(fif 2 ) =v(f l )+v(f 2 ), v(j^J=v(f 1 )-v(f 2 ). 

We say that a non-zero rational function /(c) G C(c) is positive if / can be expressed as 
a ratio of polynomials with positive coefficients. If /i, f 2 G R are positive, then we have 

(2-4) u(/i + / 2 ) = max(v(/ 1 ), v(f 2 )). 

Let T ~ (C X ) 1 be an algebraic torus over C and X*(T) :=Hom(T, C v ) (resp. Af*(T) : = 
Hom(C v ,T)) be the lattice of characters (resp. co-characters) of T. A non-zero rational 
function on an algebraic torus T is called positive if it is written as g/h where g and h 
are a positive linear combination of characters of T. 

Definition 2.2. Let /: T —> T' be a rational mapping between two algebraic tori T and 
T'. We say that / is positive , if y o / is positive for any character y: T' —>• C. 

Denote by Mor + {T,T') the set of positive rational mappings from T to T'. 

Lemma 2.3 ( [T]L For any f G Mor + (r!,T 2 ) and g G Mor + (T 2 ,T 3 ) 7 the composition go f 
is well-defined and belongs to Mor + (T!,T 3 ). 

By Lemma 12.31 we can define a category T + whose objects are algebraic tori over C 
and arrows are positive rational mappings. 

Let /: T —> T' be a positive rational mapping of algebraic tori T and T'. We define a 
map /: X*(T) ^ X,(T f ) by 

(x,/(0) = v (x° 

where y G X*(T') and / G X,{T). 

Lemma 2.4 ( |X] ). For any algebraic tori Tj, T 2 , T 3? and positive rational mappings 
f G Mor + (Ti, T 2 ), g G Mor + (T 2 ,T 3 ), we have go f = gof. 

By this lemma, we obtain a functor 

UV: T + —> Set 

T ^ X*(T) 

{f'■ T T') ^ (f:X.(T)^X.(T')). 

Let us come back to the situation in £ 12.21 Hence G is a Kac-Moody group and T is 
its Cartan subgroup. 

Definition 2.5 ([I]). Let y = (A", {ej} ie /, {£i}ie/) be a G-geometric crystal, T 7 

an algebraic torus and 6: T' A a birational mapping. The mapping 0 is called a 
positive structure on y if it satisfies 
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(i) for any i G / the rational functions 7 ; o 9 : T' — > C and e* o 0: T' —> C are positive, 

(ii) for any i G /, the rational mapping e^: C x x T' —> T' defined by ej i e(c, t) := # _1 o 
ef o 0 (f) is positive. 

Let 0: T' —* X be a positive structure on a geometric crystal y = (X, {e;}; e /, {7*} ie / 5 
Applying the functor UV to the positive rational mappings e^g: C x xT'-> T' 
and o 6: T' —■> C x , we obtain 

e* := WD(e i)fl ) : Z x X*(T') X.(T') 

wti := WP( 7 i o 0) : X*(T') -> Z. 

Hence the quadruple (X*(T 7 ), {e;}j e /, {wtjjjg/, {£;}*£/) is a free pre-crystal structure (see 
HI 2.2]) and we denote it by UVq,t'{x)- We have thus the following theorem: 

Theorem 2.6 ( [T] |14] h For any geometric crystal y = (X, {ei} ie i, {Xi}ieh { £ i}iei) an d 
a positive structure 9: T' —> X , the associated pre-crystal UVqt'(x ) a crystal (see P 
2.2]). 

Now, let QC + be the category whose object is a triplet (y, T',9) where y = (X, {e^}, 
{ 7 i}, {£;}) is a geometric crystal and 9: T' —> X is a positive structure on y, and morphism 
/: (yi, T{, 9 1 ) —> (y 2 , Tj, 0 2 ) is given by a morphism tp: X\ —> X " 2 of geometric crystals 
such that 

f:=9- 1 opo9 1 :T[-^T', 

is a positive rational mapping. Let CTZ be the category of crystals. Then by the theorem 
above, we have 

Corollary 2.7. UV defines a functor 

uv: gc + —> CTZ 

(xX,9) ~ XfiT) 

(f:(Xi,T{,9i)^(X2,T',9 2 )) ~ (/: XfiT[) - X*(T')). 

We call the functor UV “ultra-discretization” as in na.na. while it is called “trop- 
icalization” in |TJ. For a crystal B , if there exists a geometric crystal y and a positive 
structure 9: T' —> X on y such that UV( y, T', 9) ~ B as crystals, we call an object 
(y, T\ 9) in QC + a tropicalization of B. 


3 Limit of perfect crystals 

We review the limits of perfect crystals following p. (See also [7j,|Hj.) 



3.1 Crystals 

First we recall the notion of crystals, which is obtained by abstracting the combinatorial 
properties of crystal bases. 

Definition 3.1. A crystal B is a set endowed with the following maps: 


wt: B —> P, 

£i: B —■> Z U {—oo}, (pi: B —> Z U {— 00 } for * G /, 

e-i: B U {0} —> B U {0}, /*: B U {0} —■> B U {0} for i 6 /, 

e*(0) = W) = 0. 


Those maps satisfy the following axioms: for all b, 61 , 62 € B, we have 

<P%(b) = £i(b ) + (af , wt(fe)), 


wt (lib) = wt (b) + a* if lib G B , 
wt (fib) = wt (b) - Oii if fib G B , 
e.ib 2 = h <=> fib 1 = b 2 , 


£i(b) = -00 =^- efa = fib = 0 . 


The following tensor product structure is one of the most crucial properties of crystals. 

Theorem 3.2. Let B\ and B 2 be crystals. Set Bi 0 B 2 := {61 0 b 2 \ bj e Bj (j = 1, 2)}. 
Then we have 

(i) B 1 0 £>2 is a crystal, 

(ii) for bi G T>i and b 2 G B 2 , we have 




Definition 3.3. Let B\ and B 2 be crystals. A morphism of crystals : B\ — > B 2 is a 
map xf-.BiU {0} —■> B 2 U {0} satisfying 

(i) V'(O) = 0, ^(Bi) C B 2 , 

(ii) for b, b' G B x , fib = b' implies fi'ipfb) = i>{b’), 

(hi) wt (ip{b)) = wt(6), £i(ip{b)) = £i(b ), Ti{^{b)) = pfb) for any b G B x . 


In particular, a bijective morphism is called an isomorphism of crystals. 
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Example 3.4. (i) If (L, B) is a crystal base, then B is a crystal. 

(ii) For the crystal base (L(oo), P(oo)) of the subalgebra U~(g) of the quantum algebra 
U q (g), B( oo) is a crystal. 

(iii) For A G P, set T x := {i- We define a crystal structure on T\ by 

= fi(t\) = 0, efitx) = (fifitx) = -oo, wt (t x ) = X. 

Definition 3.5. To a crystal B , a colored oriented graph is associated by 



We call this graph the crystal graph of B. 

3.2 Affine weights 

Let g be an affine Lie algebra. The sets t, {cq} ie j and be as in 12 .II We take t so 

that dimt = j}/ + 1. Let 5 G Q + be a unique element satisfying 

{A G Q | (af, A) = 0 for any i G 1} — 7*5, 

and let c G Z s0 af C g be a unique central element satisfying 

{h G Q' | (h, af) = 0 for any i G 1} = Zc. 

We write ( [TT1 6.1]) 

(3.1) c = ^^afaf, = 

i i 

Let ( , ) be the non-degenerate W-invariant symmetric bilinear form on t* normalized by 
(5, A) = (c, A) for A G t*. Let us set t*j := t*/C5 and let cl: t* —> t*j be the canonical 
projection. Then we have t*j = ® i (Ca:) / )*. Set tp := {A G t* | (c, A) = 0}, (t* L )o : = cl(tg). 
Then we have a positive-definite symmetric form on (t*j)o induced by the one on t*. Let 
Aj G t*j (i G /) be a weight such that (af, A j) = 5ij, which is called a fundamental weight. 
We choose P so that P c \ := cl(P) coincides with © ie /ZAj and we call P d the classical 
weight lattice. 

3.3 Definitions of perfect crystal and its limit 

Let 0 be an affine Lie algebra, P c \ the classical weight lattice as above and set (P c i)/ + : = 
(A G P c i | (c, A) = l, (af, A) > 0} for l G Z >0 . 

Definition 3.6. We say that a crystal B is perfect of level / if 
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(i) P 0 P is connected as a crystal graph. 

(ii) There exists A 0 G P c \ such that 

wt(P) C A 0 + ^ Z< 0 cl(a*), IB Xq = 1 
0 

(iii) There exists a finite-dimensional C/'(0)-module V with a crystal pseudo-base B ps 
such that B = B ps /± 1 

(iv) The maps e, tp: B min := {b G B | ( c,e(b )) = /} —>(P C |); are bijective, where e(b) : = 

£i(b)Ai and (p(b) := 

Let be a family of perfect crystals of level l and set b) 1 1 > 0 , b G P™ 71 }. 

Definition 3 . 7 . A crystal P 00 with an element 600 is called the 0/ {P«}/>i ^ 

(i) wt(feoo) = £(>00) = ^(feoo) = 0. 

(ii) For any (/, b) G J, there exists an embedding of crystals: 

'■ Te{b) ® Bi® Poo 

te(6) 0 b 0 ^ ^oo 

(iii) Poo = U(;, 6 ) e j Im /(/,&)- 

As for the crystal T\, see Example 13.41 (Hull . If the limit of a family {B{\ exists, we say 
that {P/} is a coherent family of perfect crystals. 

The following is one of the most important properties of the limits of perfect crystals. 

Proposition 3 . 8 . Let P(00) be the crystal as in Example 13.41 (lull. Then we have the 
following isomorphism of crystals: 

P(00) 0 Poo— >B( 00). 

In the rest of this section, for each affine Lie algebra 0 = An \ Bn \ Cn \ Dn \ A^_: 1, 
, A^J, we explicitly describe an example of B^ = Poo(0) following |6j. 

3.4 ytf } (n > 2) 

The Cartan matrix (cpj)*je/ (/ := { 0 , 1 , • • ■ ,n}) of type An' is 

r2 if i= j, 

aij — < — 1 if i = j ± 1 mod n + 1, 

^0 otherwise. 
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We have c = Yliei a i and 5 = Y 2 iei a i- A limit of perfect crystals is given as follows: 

n+1 

A+i) e Z" +1 | £> = 0}, 

i= 1 

for b = (bi, ■ ■ ■ ,b n+ 1) G B 

OO ) , we have 

{ &ob = ( bi — 1, 62, - • - , b n , b n+ 1 + 1), 

= (61, • • • , bi + 1, b i+ 1 - 1, • • • , 6 n+ i), (i = 1, • • • , n) 
fib = eT\ 

and 

f wt(6) = (6 n+1 - 6i)A 0 + X)"=i( 6 * _ 6i+i)Ai, 

< e 0 (6) = bi, £i(b) = b i+ i (i = 1, • • • , n), 

= b n+ 1, = bi (i = 1, • • • ,n). 


3.5 M 1} (n > 3) 

The Cartan matrix (ay)ij'e/ := (0) 1, • ■ ■ , n}) of type £»?,,' J is 
2 i = j, 

_ -1 |*- j| = 1 and (i,j) ^ (0,1), (1, 0), (n,n - 1) or (i,j) = (0,2), (2,0) 

^ 1-2 (i,j) = (n,n- 1), 

k 0 otherwise. 


The Dynkin diagram is 


O 0 



where a is a Dynkin diagram automorphism which we use later. We have 

7i—l n 

C = a W 0 + Q + 2 ^ ^ + Q^, 5 = Q?o + + 2 ^ ^ Q^. 

z=2 z=2 


A limit of perfect crystals is given as follows: 


Boo(B^) = {(&!, -■■ A A, 


A) G Z^x 



^^( bi+bi ) — 0 , b n +b n G Z}, 
2=1 
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for £ — (bi, ■ ■ ■ , £ n , £ n , ■ ■ • , £1) e B^B^), we have 

(£1, b 2 - 1, ■ • • MM + 1) if b 2 > b 2l 


e 0 b = 


Gib = 


( b\ — 1, b 2l ■ ■ ■ , £>2 + 1, bi) if £ 2 < b 2l 

(£i ■ ■ ■ ,bi + l,b i+ i — 1, - - - , 6i) if b i+ i > b i+1 , 
(£i ■ ■ ■ , bi + 1 + 1, bi — 1, • • • , b\) if £>*+i < &i+i, 

,h), 


(* = !,■■■ - 1 ), 


e n b = (6i, • • • ,£ n + ^,6„ - 


fi = h \ 


and 

(wt(£) = (£i — 6i + b 2 — £2)^0 + Y^i=i(Pi ~bi + b i+1 — £*+i)Aj + 2(£ n — b n )A n , 

< e 0 (b) = £1 + (£ 2 - £2)+, £i(£) = bi + (£+1 - b i+ 1)+ (i = 1 , ■ ■ ■ , n - 1), e„(£) = 2 £ n , 
[<£o(£) = £1 + (£2 - £2)+, ^i(£) = b i + (£*+1 - £*+i)+ (* = !,■•• , ri — 1 ), <^ n (£) = 2 £ n . 

Note that the presentation above is slightly different from the one in But we see that 
they are equivalent by the correspondence v n + lz/ 0 b n and V n + |z/ 0 b n . 


3.6 dp in > 2) 

The Cartan matrix (»+)*,+/ (-£ := {0,1, • ■ ■ , n}) of type Cn } is 

'2 i=j, 

= I -1 V-j I = 1 and (bi) 7^ (1,0), (n- l,n), 
-2 (bi) = (1, 0), (n — 1, n), 

^0 otherwise. 

Then the Dynkin diagram is 


<7 



where a is the Dynkin diagram automorphism cr: ^ a n -i■ We have 

n— 1 

c = ^cq v , 6 = a 0 + 2^0^ + a n . 

i£l i= 1 

A limit of perfect crystals is given as follows: 

n 

BooiC^) = {(£1, • • ■ A A, • • •, £1) e z 2 "| e 2 Z}, 

i=l 
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for b = (bi, ■ ■ ■ , b n , b n , ■ ■ ■ ,h) E -B oc (C'i 1) ), we have 

((bi - 2,6 2 , • ■ • , 62,61) if 61 >6i + l, 

Co b — s (61 — 1, 62, • ■ ■ , b 2 , 61 + 1) if b\ = bi + 1, 

[ (61, 62, • • • ,62,61 + 2) if 61 < 61, 

] (61 • ■ ■ ,bi + l,b i+1 - 1, • • • A) if b i+ i > bi + i, , v 

\(6i ■ ■ ■ , b i+ 1 + 1, bi - 1, • • • , 61) if b i+ 1 < 6 i+1 , 

e n 6 (61, , b n 4 “ 1 , b n 1) , 61), 

fi = e~\ 

and 

(wt( 6 ) = (61 — &i)A 0 + J^j =1 (6* — bi + 6j + i — 6j+i)Aj + (b n — b n ) A n , 

< e 0 (6) = + (61 - h)+, £i(b ) = 6* + (6 i+1 - 6 i+ i)+ (1 < i < n), e n (6) = b n , 

[<£0(6) = ~\K h ) + (61 - b i)+, <Pi(b) = k + (b i+ 1 - 64+1)4. (1 < i < n ), ip n (b) = b n , 

where 1(b) := ^” =1 (6* + h). 


3.7 (n > 4) 

The Cartan matrix (/ := {0,1, • • • , n}) of type Dn ] is 

(2 i = j, 

a ij = < — 1 \i — j\ = 1 and 1 < f, j < n — 1 or (i, j) = (0, 2), (2, 0), (n — 2, n), (n, n — 2), 
^ 0 otherwise. 

The Dynkin diagram is 



where a is the Dynkin diagram automorphism a: «o an and acp = a t for j ^ 0,1. We 
have 

n— 2 n—2 

c = ctq + Oi{ + 2 ^ qA + 5 = ol 0 + an + 2 'y ^ a?j + a n _i + a n . 

i =2 j=2 

A limit of perfect crystals is given as follows: 

n n— 1 

B^dU) ={(&!,.■• ,b n ,b n -ir-- A) ez 2 "- 1 ! ^64 + ^64 = 0}, 

2=1 1 
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for b = (61, • ■ ■ , £> n , 6„_i, • • • , £>i) e Doc(Aa), we have 


e 0 £> 


(£>i, £>2 — 1 , • • • j £>2, £>1 A 1 ) if &2 > £>2, 
(£>1 — 1, 62, ■ ■ • ,62 + 1, 61) if 6 2 < 62, 


-, /(£>!•• 

• , bi + 1, &i+i — 1, • • • , bi ) 

if £>4+1 

> £> 4 + 1 ) /• , 

n = 1 

\(6i" 

• 7 ^z+i + 1? bi — 1, • • • ,61) 

if £>4+1 

t £> 4 + 1 , 

e n _i6 = (61, ■ 

7 b n —1 H - 1? b n 1? b n — I, 

•••A), 


e n b = (61, • • ■ 

5 bn — 1, b n 1 , 677,-1 1 

A), 



fi = \ 


,n- 2), 


and 

wt(6) = (&i — 61 + 62 — £>2)Ao + ~~ bi A 6j + i — 6j + i)Aj 

A(£>n—1 £>n—1 6 n )A n _r A (£>n—1 bn— 1 A £>n)A n , 

< £ 0 (b) = b 1 + (62 - 62)+, £i(&) = bi A (b i+ 1 - 6i+i)+ (i = 1 , • • • , ra - 2 ), 
£71—i(£>) b n A b n — 1, Snip ) b n — 1, 

Ao(£>) = 61 A (£>2 - £>2)+, A*(£>) = H (£>*+i - £>4+1)+ (i = 1, ■ • ■ , n - 2 ), 
1(£>) bn —1 j (p n (tp b n —1 A b n . 


3.8 At! (n > 3) 

The Cartan matrix (cpj^je/ (/ := { 0 , 1 , • ■ ■ , n}) of type A^_j is 


'2 i = j, 

— 1 |i — j | = 1 and 1 < i, j < n — 1 or (i, j) = (0, 2), (2, 0), (n, n — 1) 
-2 (i,j) = (n-l,n), 

^0 otherwise. 


The Dynkin diagram is 


<7 



where a is the Dynkin diagram automorphism a: a 0 ay. We have 

n n—1 

c = a q A a^ A 2 ^ ^ a^, h = a0 A «i A 2 ^ ^ a^ + a n . 

4 = 2 4 = 2 
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A limit of perfect crystals is given as follows: 


5oo(41l) = i(h, • • • A, bn, ■ ■ ■, h) e z 2 "| + h i) = °}> 

2=1 


for b = (61, • ■ ■ , b n , 61) E we have 


e 0 & 


(6l, &2 — 1, ‘ ' ‘ , b' 2 , b\ + 1) if &2 > b 2 , 
(&1 — 1, 62, • ' ' )^2 + l,^l) if 62 < T> 2 , 


j (61 • • • ,bi + 1, 6 i+ i - 1, • • • ,61) if 6j+i >&;+!, 
ejb = < - - - 

[ (^1 • • • j frj+i + 1) bi — 1, • • • ,61) if b l+ 1 < 6j + i, 

(^i) j b n — 1, b n T1, b n 1) j &i)j 

fi = e7\ 


( wt(6) = (61 - 61 + 62 - ^2)A 0 + - bi + b i+ 1 - 6* + i)Ai + (&„ - 6„)A n , 

< e 0 (6) = 61 + (6 2 - 62)+, £i(&) = k + (6 i+ i - 6j+i)+ (i = 1 , • - ■ , n - 1 ), e„(6) = 
[</>o(&) = 61 + (62 - b 2 )+, (fi(b) = bi + (b i+ i - b i+ 1)+ (i = 1, • ■ ■ ,n - 1), ip n (b ) = fe n 


3.9 (" > 2 ) 

The Cartan matrix (a l j) t ^ e i (/ := {0,1, • • • , n}) of type D^ ] +l is 

'2 i=j, 

= I -1 \i~j 1 = 1 and (i,j) ^ (0,1), (n,n- 1), 
-2 (i,j) = (0,1), (n,n - 1), 

^0 otherwise. 

The Dynkin diagram is 



a 


—O— 

n —2 



where a is the Dynkin diagram automorphism cr: ccj a n -i (i — 0,1 • • ■ ,ri). We have 

n— 1 n 

c = q?q + oi{ + 2 ^ ^ qA + qA, h = 'y ^ CTj. 

i=2 i=0 
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A limit of perfect crystals is given as follows: 

TU^i+i) = {(&!,■■■ AA>- ,60 e Z "- 1 X Qz) x Z "- 1 \b n + b n E Z}, 
for b = ( 61 , • • • , b n , b n , ■ ■ ■ , 61 ) G we have 


e 0 b 


( 6 l — 1 , & 2 , - - ■ , 62 , 61 ) if &!>&!, 
(61, 62 , •'' > ^ 2 , ^1 + 1) if 61 < 61 , 


j (&i • ■ • A + 1 A +1 - 1 , • • • , 61 ) if b i+1 > b i+1 , . 

60— \ _ _ _ _ (1\Z < C77/ 

\{bi ■ ■ ■ , b i+ 1 + 1, bi - 1, • ■ ■ , 61) if A+i < b i+ 1, 

(bi, ’'' , b n + —, b n —, ■ ■ , 61), 

fi = e~\ 


and 

f wt(6) = 2(6, — &i)A 0 + — bi + 6 i+ i — 6 i+1 )Aj + 2 (b n — b n )A n , 

< e 0 (b) = - 1 (b) + 2 (6i - 6 i) + , £i(b) =bi + (b i+ i ~ h+ 1)+ (1 < i < n), e n (b) = 2 b n , 
[^ 0 ( 6 ) = ~K b ) + 2 ( 6 i - 6 i)+, <-Pi(b) = bi + (b i+ 1 - 6 i+ i)+ (1 < i < n), ip n (b) = 2 b n , 


where 1(b) := ^" =] ( 6 ,; + b,). Note that the presentation above is slightly different from 
the one in [fjJ - As in Id.51 they are equivalent by the correspondence u n + b n and 

b n . 

3.10 4 2 „> (n > 2) 

( qN 

The Cartan matrix (/ := {0,1, • ■ ■ , n}) of type A 27 ( is 

"2 i = j, 

= -1 |i -il = 1 and (f,j) 7 ^ ( 0 , 1 ), (n - l,n), 

-2 (bj) = ( 0 , l),(n- l,n), 

^0 otherwise. 

The Dynkin diagram is 


0= 

0 


o- 

1 


■o- 

2 


—O— 

n —2 


— 0 = 

71—1 


o 


71 


Note that there exists no Dynkin diagram automorphism in this case. We have 


e — + 2 ^2 a i j 

i— 1 


77—1 

5 = 2 ^ ^ Q!j T Oi n . 
i =0 
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A limit of perfect crystals is given as follows: 


B 0 O (A®) = {(b 1 ,---,b n ,b n ,--,bi)£Z 2n }, 


for (b u ■ ■ ■ , b n , b n , ■ ■ ■ , &i) G we have 



(61 - 1, b 2 , ■ ■ ■ ,6 2 , h ) if b x > bi , 

(61,62, • • • ,62,61 + 1 ) if 61 < 61, 

(61 • ■ • , 6j + 1,6j_|_i — 1, • • • , 61) if 6j + i > 6j_|_i, 
(61 • • • ,6 i+ i • 1.6, - 1. - •• ,6,) if 6 i+ i < 6 i+ i, 


(1 < i < n), 



and 


T wt( 6 ) — 2 ( 6 i — 6 i)A 0 + — bi + 6 i+ i — 6 j + i)Aj + (b n — 6 n )A n , 

< £ 0 (6) = —1(b) + 2(6i - 6i)+, £i(b) =bt + (6 i+ i - 6j + i) + (1 < % < n), e n (b) = 6 n , 

[+ 0 ( 6 ) = -1(b) + 2 ( 6 i - 6 i) + , ipi(b) = k+ (b i+1 - 6 j+i)+ (1 < i < n), ip n (b) = b n , 

where 1(b) := i=i( b i + h). 

4 Fundamental Representations 
4.1 Fundamental representation W(w\) 

Let 0 = An \ Bn \ Cn \ Dn \ Aj>n, and let {A* | i e 1} be the set of funda¬ 

mental weight as in JI] Let W\ := Ai — a^Ao be the (level 0) fundamental weight, where 
i = 1 is the node of the Dynkin diagram as in fjo] and a( is given in (EH). 

Let V(w\) be the extremal weight module over U q (g) associated with w\ (jlj) and let 
W(w{) = V(wi)/(zi — l)V(wi) be the fundamental representation of U'(g) where z 1 is a 
f/'(g)-linear automorphism on V(w\) (see jH Sect 5.]). 

By 0 Theorem 5.17], W(w\) is a finite-dimensional irreducible integrable U q (g)~ 
module and has a global basis with a simple crystal. Thus, we can consider its spe¬ 
cialization q = 1 and obtain a finite-dimensional g-module which will be denoted by the 
same notation W(w 1 ). 


Now we present the explicit form of W(w 1 ) for 0 = An \ Bn \ Cn \ Dn \ A^_ 1 , D ^\.,, 



4.2 A { n ] (n > 2) 


The global basis of W(w 1 ) is 


{Vl, V 2 , ■ ■ ■ , Vn+l}, 
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and we have 


wt(i7j) — Aj A*—i {i = 1 • • ■ ,n+ 1), 

where we understand A n+1 = A 0 . The explicit actions of /Vs are 

fiVi = v i+ 1 (1 <i<n), f 0 v n+ i = ui, 

fiVj = 0 otherwise. 

Its crystal graph is: 


n— 1 


-^n 


t’l 


->V 2 


4.3 (n > 3) 

The global basis of W{w i) is 

{v\,V 2 , ••• , v n , Vo, Vn, ■■■ , Uj, 


and we have 


wt(iy) = Aj — Aj_i, wt(nj) = Aj_i — Aj (i^0,2,n), 

wt(n 2 ) = —A 0 - Ai + A 2 , wt(%) = A 0 + Ai - A 2 , 

wt(v n ) = 2A n - A n _i, wt(i%) = A n _i - 2A n , wt(v 0 ) = 0. 

The explicit forms of the actions by /Vs are 

fiVi = v i+ 1 , fiV = u* (i = 1, ■ • • , n - 1), 

fnVn = V 0 , f n V 0 = 2 ?%, 

fo v 2 = Vl, f 0 Vj = V 2 , 
fiVj = 0 otherwise. 

Its crystal graph is 



Vl 




1 


vj 
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4.4 d 1} (n > 2) 

The global basis of W{w i) is 

{vi, V 2 , ■ ■ ■ , v n , V 2 , vr}. 


and we have 


wt(ry) = A i - Aj_i, wt(i^) = Aj_! - Aj (i = 1 • • • , n). 


The explicit forms of the actions by /,'s are 


fiVi = v i+1 , fiV[+ T = vj (i = 1, ■ • • , n - 1), 

fn j fo ^T ^ 1 * 

fiVj = 0 otherwise. 

Its crystal graph is 



Vl 


-±v 2 




-±Vn 


n —1 


-^2 


■UT 


4.5 A ( , 1} in > 4) 

The global basis of W(wi) is 

{vi, v 2 , ■ • • , v n , • • • , n 2 , n T }, 

and we have 

wt (vi) = - Aj_i, wt(ta-) = A*.! - Aj (i 2, n - 1), 

wt(n 2 ) = —A 0 — Ai + A 2 , wt(^) = A 0 + Ai - A 2 , 

wt(v n _i) = A n _i + A n - A n _i, wt(u s=T ) = A n _ 2 - A n _! - A, 

The explicit forms of the actions by /ds are 

fiVi = V i+ 1 , fiVj+Y = vr i (i = 1 , ■ • • , n - 1 ), 

fn^n ^n—li fn^n —1 

f 0 V2 = Ui, f 0 Vj = v 2 , 
fiVj = 0 otherwise. 

Its crystal graph is 


20 












0 



Vo - 9 - Vt 


4.6 42.! (n > 3) 

The global basis of W{w\) is 

{Vl, V2, ■ ■ ■ , v n , n 2 , 14}, 


and we have 


wt(ui) = Aj - Aj_i, wt(n-) = Aj_! — Aj (i ^ 2 ) 
wt(n 2 ) = —A 0 — Ai + A 2 , wt(^) = A 0 + Ai - A 2 . 

The explicit forms of the actions by /Vs are 

fiVi = Vi+ 1, /i^i+T = Uf (i = 1, - - - ,?T,— 1), 

fn 

f 0 V^=Vi, f 0 v T = v 2 , 
fiVj = 0 otherwise. 

Its crystal graph is 



0 



Vl 


1 


V2 


2 


n —1 


■^rT- 


n —1 




2 


^2 


1 


nr 



4.7 nVV (n > 2) 

The global basis of W{vj\) is 

{vi, v 2 , ■ ■ ■ , v Q , vn, ■ ■ • , vj, ny, /}, 
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and we have 


wt (vi) = A i- Aj_i, wt(nj) = Aj_! - A* (i ^ 0,1, n), 

wt(ni) = Ai — 2A 0 , wt(vj-) = 2A 0 — Ai, 

wt(v n ) = 2A n - A n _!, wt (t%) = A n _i - 2A n , 
wt(no) = 0, wt(0) = 0 

The explicit forms of the actions by /*’s are 

fiVi = v i+1 , fiVj+Y = vj (i = 1 , ■ ■ • , n - 1 ), 

fnV n = V 0 , f n V 0 = 2 Vn, 

f 0 Vj = 0, / O 0 = 2r>i, 

fiVj = 0, fi4> = 0 otherwise. 

Its crystal graph is 



4.8 40 (n> 2) 

We take the Cartan data transposed the one in IS. 1 01 Then the Dynkin diagram is 


In this case, we denote this type by ' in order to distinguish it with the one in IM.10I 
Then the global basis of W{w\) is 

{vi, v 2 , ■ ■ ■ , v n , v 0 , , %, n T }, 

and we have 

wt(vj) = A* ™ Aj_i, wt(n-) = Aj_i - Aj (i = 1, • • • ,n - 1 ), 
wt(n n ) = 2A n — A n _i, wt(n 0 ) = 0, wt(^) = A n _i - 2A n . 

The explicit forms of the actions by /*’s are 

fiVi = Vi+ i, M+r = Uf (* = 1, • • • , n - 1), 

fnVn = %, fnV 0 = 2w w , 

/o^T = 

fiVj = 0, otherwise. 
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Its crystal graph is 



* Vo —rA Vn 


n —1 


^Vi—^VJ 


5 Affine Geometric Crystals 

In this section, we shall construct the affine geometric crystal V(g), which is realized in 
the fundamental representation W{w\). 


5.1 Translation t{zb i) 

For £ 0 G (t^) 0 , let i(£ 0 ) be as in J3J Sect.4]: 

*(£o)(A) := A + (5, A)£ - (£, X)5 


(e,o 


(S t \)5 


for £ G t* such that cl(£) = £ 0 - Then £(£ 0 ) does not depend on the choice of £, and it is 
well-defined. 

Let c( be as in (HU). Then t(mWi ) belongs to W if and only if m G c^Z. Setting 
Wi := c(wi (iG/) (0), t(ffii) is expressed as follows (see e.g. [SJ): 


t{wi) = < 


t{s n s n -l • '•S 2 S 1 ) 


/. (i) 

An case, 

t(si • • 

* S n ) (^n—1 

•S 2 S 1 ) 

Bn \ A^n-! cases 

(s 0 si • 

* Sn) (^n—1 

•-S 2 Sl) 

Cn \ D^l 1 cases, 

t(si • • 

* &n) (,Sn— 2 

'S 2 S 1 ) 

n (i) 

D y n case, 

k (soSi • 

* s n )(s n —1 

•-S 2 Sl) 

(2) + 

A\n cases, 


where i is the Dynkin diagram automorphism 


a 


a - aW b {1) A {2) 

0 — , D n ,/r 2n _i, 


[a 0 ^ Oil and cr n _i ► ot n g — Dn 

Now, we know that each t{w i) is in the form w\ or i ■ w\ for w\ G W, e.g., W\ — s n ■ ■ ■ si 
for a£\ wi — (s 1 ■ ■ ■ s n )(s n _i • • ■ si) for B^\ etc., - 

/q\ 4 - 

In the case g = A 2n ; , rj wt(uji) = —A n _! + A n is a unique weight of W(w i) which 
satisfies (aA, rj) > 0 for i ^ n. For this g we have 

(5.1) t(g) = (s n s n _ i ■ ■ ■ Si)(s 0 si • ■ • s n _i) =: w 2 , 

which will be used later. 
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5.2 Affine geometric crystals 

Let o be the Dynkin diagram automorphism as in '13.4113.bl and W\ = s, n ■ ■ ■ Si k be as in 
the previous subsection. Set 

(5.2) V(fl):= = {u(xi, ■ ■ • ,x k ) := Y h (xf) ’ ■-Yi k {xk)vi \ Xi ■ ■ ■ ,x k G C x } C W{wf) 

Since the vector v\ is a highest weight vector in W(m i) as a 0 o-module, V(g) has a 
Go-geometric crystal structure. Moreover C x —»■ V(g) is a birational morphism. We 
shall define a G-geometric crystal structure on V($) by using the Dynkin diagram auto¬ 
morphism cr except for A-fj . This a induces an automorphism of W(zui ), which is also 
denoted by a: W(tu i) —> W {wf). In the subsequent subsections, we shall show the 
following theorems by case-by-case arguments. 

Theorem 5.1. (i) Case 0 f A^* . For x = {x\ - ■ ■ ,Xk ) G (C x ) fc ; there exist a unique 

y = (yi, ■ ■ ■ ,yk) G (C x ) fc and a positive rational function a(x) such that 

(5.3) v(y) = a(x)a(v(x)), £ a{ i)(v(y)) = £i(v(x)) ifi,a(i ) f 0. 


(ii) Case 0 = Af^ L Associated with Wi and w 2 as in the previous section, we define 

V(0) := {vi(x) = Yo^Yfix,) ■ • -y n (a; n )y„_i(x n _i) • ■-YfixfijVx \ x h Xi G C x }, 
V 2 (0) := {v 2 (y) =Y n (y n ) ■ ■ ■Y 1 (y 1 )Y 0 (y 0 )Y 1 (y 1 ) ■ ■ ■Y n ^ 1 (y n _ 1 )vn\y i ,y i G C x }. 

For any x G (C x ) 2n there exist a unique y G (C x ) 2n and a rational function a(x) 
such that v 2 (y) = a(x)v i(x). 

Now, using this theorem, we define the rational mapping 


(^A) V (S) —> V (0)’ v (0) —► V 2 (0), 

v(x) ^ v(y) (0^4 2 n }t ), vfix) ^ v 2 (y) (9 = A [£ }t ), 

Theorem 5.2. The rational mapping o' is birational. If we define 

f e§ := o 7 ” 1 o e % (0) o a, £ 0 : = £ a{0 ) ° A 7o := 7<r(o) ° A for 0 f f 7 
[ e o :=rl ° e o 0 7 £ 0 :=£ 0 oa, 7 0 := 7o ° A for 0 = A^. 


then (V(0),{ei} i6 /,{7iW, {aW) is an affine Q-geometric crystal. 

Remark. In the case 0 = A 2 „\ V 2 (0) has a 0/\{ ra }-geometric crystal structure. Thus, 
e O;7oAo are well-defined on V 2 (0). 

The following lemma is obvious and it shows Theorem 15.21 partially. 
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( 2 \ + 

Lemma 5.3. Suppose that g ^ A y 2 f . If there exists a as above and 


(5.6) e c a{{) = a o e* o a 1 1 7i = 7<r(i) o a, e i = e (T ^ocr, 

for i cr _ 1 ( 0 ), 0 , then we obtain 


effeff = efeff if a 0i = a i0 = 0 , 
e c 0 le r 2e o 2 = e?ef c *e? if a 0l = a l0 = - 1 , 
e?ef C2 ef c *ef = efe? c *ef 2 e? if a 0i = -2, a l0 = -1 

(ii) 7 o(e?(u(a;))) = c“ i 0 7 0 (u(a;)) and %(e^(v(x))) = c aoi ^i{y{x)). 

(iii) e 0 (eg(u(a;))) = c^e^x)). 

Proof. For example, we have 

7 o(e?(v(x))) = 7 a(o )(o r e^ 1 (a(v(x)))) 

= Mo)K(i)(°(v(x)))) = c a -«'-(°) 7<7 (0) (o r (v(a:))) 

= c ai ’°7o(u(x)), 

where we use o),o-(i) = ao i hi the last equality. The other assertions are obtained 
similarly. □ 

In the rest of this section, we shall prove Theorems 15.11 and 15.21 in each case. 


5.3 A^-case 

We have uq := s n s n _ 1 • ■ • s 2 Si, and 


V(4 1} ) := {Y n (x n ) ■ • • Y 2 (x 2 )Y 1 (x 1 )v 1 Ix^Hc Wfa). 


Since exp(c 1 f % ) 
written as 


1 + c 1 fi on W{w 1 ), v{x) = Y n (x n ) ■ ■ ■Y 2 (x 2 )Y 1 (x 1 )v 1 is explicitly 


v(x) = v(xi, ■■■ ,x n ) 



+ Vn+l- 


Let o: ak 1 —> oik+ 1 {k € I) be the Dynkin diagram automorphism for An\ which gives 
rise to the automorphism cr: W{w\) —> W(z cq). We have ovi = Vi + \. Then, we obtain 


n 

a(v(x)) = vi + y^ / x i v i+1 . 

I— 1 
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Then the equation v(y) = a(x)a(v(x)), i.e. 


n n 

ViVi + V n+1 = a(x)(v 1 + XiV i+ 1 ) 

2=1 2 = 1 


is solved by 

(5.7) 
that is 

(5.8) 


( \ 1 1 X i~ 1 ( ■ r> \ 

a(x) = —, l/i = —, y t =- (* = 2, • • • , n), 

/y» /y* 


cr(n(xi • • • ,x n )) = u(—, —. 

Xn X n 


X n —1 


X n 


)■ 


The A n -geometric crystal structure on V(An ) induced from the one on B W1 is given by: 
(5.9) e?(v(xi, • • • ,x n )) = v(xi, ■ ■ ■ ,cx h ■ ■ ■ ,x n ) (i = 1, ■ ■ ■ ,ra), 


‘i 

x i 


•X'7 


(5.10) 7 i(v(x)) = —, ji(v(x)) = 

X2 ^2 —1^2+1 


xz 


(5.11) £i(v(x)) = 


Then we have 


x i +1 


Xi 


(i = 1, • • • ,n - 1), £ n (v(x)) = 


(i = 2,--- ,n- 1), 7 n (v(x)) = 

Xn—l 

1 


x n 


e i+ i((x(n((r))) = 


if j = 1... ,n-2, 
if z = n — 1 , 


Xn-l 


which implies £ a ^(a(v(x))) = £i(v(x)), and then we completed the proof of Theorem 15.II 
Now, we define eo, 7 o and Eq by 

(5.12) 

Their explicit forms are 

(5.13) 


ej := cr 1 o o u, 7 0 := 7 i o <7, £„ := £, o <7. 


c( ( \\ (X\ X 2 X n . 

c c c 


(5.14) 


7o(n(x)) =-, e 0 (u(a:)) = x v . 

XlX n 


Thus, we can check (15.01) easily, and then Lemma 15.51 reduces the proof of Theorem 15.21 
to the statements: 


(5.15) 

(5.16) 


„C1 C1C2 C2 _ C 2 C1C2 C 2 
e 0 e n e 0 e n e 0 ) 


7 o«(w(x))) = c SoM^)), 7n(eS(v(x))) = c VOO))- 

These are immediate from (EH)- EH- Thus, we obtain Theorem o 
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5.4 -case 


We have w\ — si • • • s n -\s n s n -\ • • • si, and 

V(B^) := {u(x) = Fi(xi) • • • F ra (x n )y„_i(x„_i) • • ■ Yi(xi)ui | ah,Xj G C x } 

It follows from the explicit description of W(w\) as in 14.31 that r/^cT 1 ) = expfW 1 /*) 011 
W (© 1 ) can be written as: 


exp(c Vi) = 


1 + c Vi * 7 ^ n, 

1 + c-\f n + i = n. 


Therefore, we have 

V(X 1: ■ ■ • ,X n ,X n -i, • • • ,Ti) = | J + X n V 0 + ( ^Xi-iV- ) + Uy, 


, i— 1 

Xi^i i = 1 

37—1^7—1 T XiXi 


J =2 


where £,(x) := < 


3-1 

x n iX n 1 + x 2 
1 


i ^ l,n 


1 = n 


Since av 1 = uy, any = rq and avk = Vk otherwise, we have 

a(n(x)) = vi + + x n v 0 + ^x*_ iv- + XiXiUy, 


i=2 


. i =2 


The equation u(r/) = a(x)a(u(x)) (x, y G (C x ) 2n x ) has a unique solution: 

( 5 T7) 

a(x) = ——, yi = a(x)xi = - (1 < i < n), y. = a(x)ay = —(1 < i < n ). 

X1X1 X1X1 XiXj 

Hence we have the rational mapping: 


(5.18) 


a(u(x)) := v(y ) = v 


Xi x 2 


x r 


X'ri—l 


X 1 X 1 X 1 X 1 


X 1 X 1 X\Xi 


Xl \ 

XiXi) ‘ 


By the explicit form of a in «nED , we have a 2 = id, which means that the morphism a 
is birational. In this case, the second condition in Theorem IQ is trivial since a(i) = i if 
i, a(i) 7 ^ 0. Thus, the proof of Theorem 15.II in this case is completed. 

Now, we set eg := a o e\ o a, 70 := 71 o a and e 0 := £\ o a. 
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The explicit forms of e^’s, ef s and 7 j’s are: 


eZ: 


Xi 

X\ 

Xi 

Xi 


CXiXi + x 2 x 2 

c(x 1X1 + X 2 X 2 ) 

_ X\X\ + X 2 X 2 
Xi- 


Xi ^ — (2 < i < n) 
c 


Xi 


— (2 < i < n — 1), 

r 


CX1X1 + x 2 x 2 

CXiXi T Xj_|_iXj_)_i _ _ c(XjXj T Xj-j-iXj-j_i 

- Xi I—> -T.- —--- 


Xi—= . 

XjXi T 

Xj, Xj ^ Xj (j ^ i) 


c 

X t 





CX n iX n i+ x 2 


■n-1 '■ 

X n -1 ^ 

%n —1 


X n - 




Xn—lXn—1 H - n 



Xj 

Xj, 

Xj 1—>• Xj (j 7^ n - 

-1), 

e c • 

C 71 * 

X n ^ 

CX n -) 

Xj I—► Xj Xj 

H-► X - 


CXiXi T Xj_j_iXj_j_i 

(1 < i < n — 1), 

c(x n _ix n -i + x 2 n ) 

■> T\. 1 - 


r 2 

l n 




n 


XiXi + x 2 x 2 t t \\ 1 ft . x 2 x 2 

£o(v(x)) =-, £i(x(x)) = — (H-— 

Xi Xi \ X\X\ 

£i(v(x)) = (l + 1 ' +1 ^_' +1 \ (2 < i < n - 2 ), 


Xi 


XjXj 


/ / u ^n-2 /« i < 

e n _i(u(x)) =- 1 H--— 

x n —i V x n —\x n —\ 


, e B (t,(x)) = 


x„ 


7o(x(x)) = 3 ^, 7i(v(x)) = , 7i(v(x)) = 


(XjXj) 


7 n _i(v(x)) = 


x 2 x 2 x 2 x 2 

(x n ix„i) 2 


Xj—lXj_iXj_|_iXj_|_i 


(2 < i < n — 2), 


x n _ 2 x n _ 2 x 2 ’ 


7n(x(x)) = 


x: 


^n—l^n—1 


Since cr(«) = i for i 7 ^ 0,1, the condition (15.(ill in Lemma 15.31 can be easily seen by (15.1811 
and by the explicit form of e*, 7 * and e, (j G I). Thus, in order to prove Theorem 15.21 it 
suffices to show that 


(5.19) 

(5.20) 


^CiC 2 _ 

On Ci - C 


C2 


e 


Cl 

0 5 


7o( e i(x(x))) = 7o(v(x)), 


7i( e o(' u (x))) = 7i0(x)). 


It follows from the explicit formula above that 


e o e T ( v ( x )) = e i 2e ?(^(^)) = v 



CiC 2 XiXi + X 2 X 2 x 2 
Ci(XiXi + X 2 X 2 ) ’ Cl ’ 


x 2 _ C 2 (xiXi + X 2 X 2 ) 

— ,Xi-—-— 

Cl CiC 2 XiXi + X 2 X 2 


which implies (|5. 1 911 . We get (|5.20|) immediately from the formula above and we complete 
the proof of Theorem 15.21 for Bn\ 
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5.5 cd-case 


We have w\ = soSi • • • s n s n -1 • • • si, and 

V(CW) := (u(x) = y 0 (®o)^i(®i) • ••Y n {x n )Y n _ i(x n _i) • • -Ti(xi)wi | x^x* G C x }. 

Due to the explicit description of W(w\) in 14.41 we obtain y^c 1 ) = exp (c _1 /j) = l + c' 1 /* 
on W(wi). Hence we have 


v(x 0 , j *^n) 1) j >£i) 

^ n \ / n 

'Y^ZiVi + ) where & : = 


, 2 — 1 


, 2=1 


a?o+xia?i 

£o_ 

.t i — 1 Xi — 1 ~b Xj,X j 
Xi -1 

Xn—1 Xn — 1 ~\~X n 


i = 1 
z 7 ^ 1 ,n 
i = n 


The explicit forms of £i(x) (1 < i < n ) are: 


£i{v{x)) = 


^2—1 ( 


Xi 


1 + 


XiXi 


(1 < i < n — 2), 


e n -i(v(x)) = 


Xn—2 

Xn—1 


1 + 


X r 


Xn— iTn—1 


, £ n {v{x)) = 


x: 


n —1 
X n 


Since av i+ i = v^zj and crvj^f = v n -i (0 < i < n), we have 

<?{v{x)) = 

We obtain a unique solution of the equations v(y) = a(x)a(v(x)), £ n -i(v(y)) = £i(v(x)) 
(x,y G (C x ) 2n ): 

/ \ x n — i 1 

a(x) =-h 


Vo x r 


Xn X n —i 


Xn—1 1 


Xn X n —i 



(1 < i < n) 


Vn—1 

Vi = 


(x n —iX n —i + X n )x 0 XiXi 
(x 0 + XiXi)x n _iX n 

(Xn—\Xn— 1 T X n ')X n —i—iX n —iX n —i 

{Xn—i—lXn—i—1 T X n —iX n —i)X n —lX n 


(1 < i < n — 1). 


29 
























Now we have the rational mapping a: V(Cn^) —> V(Ci^) defined by v(x) i—> v(y). By 
the above explicit from of y, we have a 2 =id, which means that a is birational. 

By direct calculations, we have e n _i(v(y)) = £i(v(x)) (1 < i < n — 1), and we complete 
the proof of Theorem 15.11 for Cn 1 ■ 

Let us define eg :=a o oa (a 2 = id), 7 o := 7n ° and Eq := e n ° a. The explicit forms 
of Bi, 7 i and e 0 are 


e 0 : x 0 h 

x n i- 

e •: Xi>- 

Xj f- 

e C n -1 : Xn-l 

I, 




e‘: 


X,, 


Xn 


(cX 0 + Xi^i ) 2 CX 0 T X\X\ . _ 

x 0 —— , ^ N9 X; >->• Xj—— ^ : , (1 < i < n - 1 ) 


Xn 


c(x 0 + XiXi) 2 
(cx 0 + XiXi ) 2 

C 2 (xo + XiXi) 2 ’ 


X, I—>• Xi 


c(x 0 + XxXi) 

CX 0 + X\Xi 


c(x 0 + X\Xi) 


(1 < i < n — 1), 


CXiXi T Xi- _ _ ci^XiXi T X^-j-iX^-j-l) 

/>"• . _ . |_v np . _ 

•Ay i _ _ fA/ 2 1 ' 2 


^z+l^z+l 
Xj, Xj^Xj 

CXn—\%n—l %r 


%n— 1' 


^n—1 1 ^ %n—l 


CXiXi “h ^z+l^z+l 

(1 < i < n — 1), 
c{pC"n—l%n —1 “f - *^n) 


Xj, Xj^Xj (j^n- 1), 

cx n , Xj i—* Xj, Wj i—* Xj (j 7^ n), 

(xiXi) 2 (XiXi) 2 


C%n— l%n —1 “f - 


7 " ( ” w) = 777’ 7l( ” W) = w 2 ’ 


7i = 


^Z —l^Z—l^Z+l^Z+l 


(2 < i < n — 2 ), 


7 „_i(v(x)) = 


(x n ix n i) s 

^72—2^71 — 2^71 


, 7n(x(x)) = 


x: 


(x n _ix n _i) 2 ’ 


£ 0 (x(x)) = — 1 + 


Xo 


- \ 2 
XiXi \ 

Xo ) 


Let us check the condition 

(5.21) 

(5.22) 


(1511 in Lemma 15.31 The following are useful for this purpose: 

ViVi = a(x) 2 x n _jx n _j, y 0 = a(x) 2 x n , 
a(v(y )) = a(a(v(x))) = . 


Using these we can easily check the two conditions 7 ; = o a and e % = e a ^ o a. The 
condition e^, = aoeJo a~ 1 for i = 2, • • • ,n — 2 is also immediate from ()5.21|1 and (15.2211 . 
Next let us see the case i = 1, n — 1. We have 


/ c / 1 \\\ Vn + cy n -iy n _ r X1X1 + x 0 1 

a e n _! (u(j/))) =-— = ■ 

2 /n-lJ/n CX1X1 +X 0 a(x(x)) 

Using this, we can get e^_j = ao o a ” 1 and then e\=7r o e^_ x o a ” 1 since a 2 = id. Now, 
it remains to show that 

e 0 e n = e n e 0 , £ 0 (e“(u(x))) = £ 0 (^(^)), £ n (eg(v(x))) = e„(u(x)). 

They easily follow from the explicit form of Bq. Thus, the proof of Theorem 15.21 in this 
case is completed. 
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5.6 D^-case 


We have w i = sis 2 • • • s n -is n s n - 2 s n - 3 ■ ■ ■ s 2 s i, and 

V(D^) := {u(x) = Yi(x\) ■ • •F n _i(x n _i)F n (a: n )F n _2(x n _2) • ■ -Y^x^Vx | x h Xi G C x }. 

It follows from the explicit form of W{w i) in 14.51 that ^(cT 1 ) = exp(c^ 1 /*) = 1 + c _1 /j 
on W{w\). Thus, we have 


r n— 1 


v(x) = X ^ X ) Vi + + X Xi ~ lV ~i + W) 


, 2=1 


where ii(x) := 


, 2=2 
XiTi 

X i-iXj-l+XjXi 
Xi -1 

•' n — 2 X n — 2 ~f ~• l 'n — 1 £' n 

Xn-2 


Since <TUi = Vj, avj = iq and cry fc = otherwise, we have 


i = 1 

i 7 ^ 1 , n — 1 
i — n — 1 


r n— 1 


cr(v(a:)) = iq + X&( x ) v * + x nVn + X^-'h + £i y T- 


,2 = 2 


, 2 = 1 


Then the equation u(?/) = a(x)a(u(a;)) (x, y e (C x ) 2n has the following unique solution: 


(5.23) 

a(ad = ——, yi = a(x)xi = —(1 < i < n ), y i = a(x)xi = —(1 < i < n — 2 ). 

XiXi XlXi XiXj 

We dehne the rational mapping a: V(Dn^) —> V(Dn^) by 


(5.24) 


cr(v(x)) = v 


Xi x 2 

X\Xi ’ X{X\ ’ 


x n x n—l 
X\Xi ’ XiTj ’ 


3?1 \ 

XiXiJ 


It is immediate from >11311 that a 2 = id, which implies the birationality of the morphism 
cr. In this case, the second condition in Theorem IQ is trivial since <r(i) = i if i, cr(i ) ^ 0 . 
Thus, the proof of Theorem 15.II for is completed. 

Now, we set e c Q := a o e\ o a, y 0 := 71 o Zf and e 0 : = e 1 o <7. The explicit forms of e*, £i 
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and 7 i are: 

e c 0 : X! 

X\ 

e°: Xi 

i, 


carixi + x 2 x 2 Xi . 

Xi —— -—— Xi i—— (2 < z < n) 

CfX \Xi + x 2 x 2 ) c 

_ + X 2 X 2 


Xi i—* —- (2 < z < n — 2), 

c 


X 


CX 1 X 1 + X 2 X 2 

CXiXi “l - _ _ c(XjXj T X^-i-lX^-)-!) 


XiXi T Xi-^\Xi-^.\ 


rp . |_v rp . _ 

' X ?, 1 **' / _ 


CXiXi “l - Xj-)_iXj-)_i 

Xj, Xj i—* Xj (j 7 ^ z), (1 < z < n — 3), 


e n - 2 : 

Xn—2 1—1 ” 

%n—z _ . ? 

^n— 2%n—2 H - X n —\X n 

Xn—2 1 ^ X n —\ 


Xj i-> 

Xj, Xj 1 —>• Xj (j 7 ^ n — 2), 


<-i : 

^n -1 1—1 ” 

CX n _l, Xj 1-> Xj) Xj 1-* Xj 

U / n- : 


X n i-> 

P* rp rp . |_\ /y» . /y» . i_v /y» . 

UO.J 1 7 j, J 1 7 «A/ J 

{j ^ n), 


CX n _ 2 X n — 2 T X n —\X n 


XiXi+X 2 X 2 1 A , x 2 x 2 

EoM 1 =-> SiK 1 = — 1 H-— 

Xi Xi \ XiXi 

( ( \\ x i-l ( 1 . a 'i+l a 'i+l'\ (n ^ ■ r- q\ 

£j(x(xj) =-I 1 H- = — (2 < z < n — 3), 


Xi 


£ n - 2 {v(x )) = - ( 1 + 

%n—2 


XiXi J 

%n—l%n 

%n—2%n—2 


/ / \\ %n—2 ( / \\ %n—2 

, £n-l(v(x)) = --, £ n (v(x)) = -—. 

X n —i 


(XiXi ) 2 


7o(v(x)) = —h, 7i(v(®)) = , 7*( y (^)) = - 

x 2 x 2 X 2 X 2 Xj-iXj-iXj+iXj+i 


(2 < i < n — 3), 


7„_ 2 (v(x)) = 


(I r a - 2)2 . w<« ( *)) = - 4 ?-, twm.)) =- 4 -. 

3 %n— 3 ^n—l%n %n— 2 %n —2 %n— 2 %n —2 


By these formulas, we can show Theorem 15.21 for Dn similarly to the one for Bn ■ 

5.7 ^2n-r case 

We have w± = SiS 2 • • • s n s n _i • ■ • s 2 si, and 

V( A< $.-i) '■= M^) '■= Y ii x i) ■ • • W(x n )W_i(x n _i) • • ■ Yi(5i)ui | Xi,Xi e C x }. 
In this case, ^(c _1 ) = exp(c -1 /;) = 1 + c~ l fi on W(z&i), and we have 

v(x\, j X n , %n —15 ? %l) 


X] + XI + U T’ wllere & : = 


. i— 1 


J=2 


XiXi 

£i-i 
— 1 T'n — 1 ~t~ Xn 

•^ 71 — 1 


i = 1 
j ^ l,n 


1 = n 
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Since av\ = vj, avj = v\ and avk = Vk otherwise, we have 

")) = Vi + ) +X 1 X 1 V T , 


cr n lx = 


J =2 

’X \2n—I 'i 


J=2 


Solving n(|/) = a(x)cr(x(x)) (x, ?/ G (C x ) 2n j, we obtain a unique solution: 

( 5 . 25 ) 

a(x) = —yi = a(x)xi = — % = a(x)x* = (1 < i < n-1), y n = t J™ 


XiXi 

The we have 
( 5 . 26 ) 


j i 

X\Xi 


Xi Xi 


Xr, 

{xiXlY 


a(v(x)) = v 


x 1 x 2 


%n %n —1 




^XlZi XiXi ’ ’ (xiXi) 2 ’ X]Xj ’ , XiXi / 

By the explicit form of cf in ( 15 . 2611 . we have a 2 = id, which means that the morphism a 
is birational. In this case, the second condition in Theorem 15 .II is trivial since a(i) = i if 
i, a(i) 7^ 0 . Thus, the proof of Theorem 15.11 for A^_ is completed. 

Now, we set := a o e\ o a, 70 := 71 o a and Eq := £1 o a. The explicit forms of e*, e* 
and 7* are: 


e 0 : xi 


Xi 


CX1X1 + X2X2 Xi 1 s 

—— z — -— Xi i-f — (2 < I < n - 1 ), x n i-f — 

C(X 1X1 + X2X2) c cr 


X\ I—^ Xi 


X1X1 + x 2 x 2 


Xi 


Xi 


CX\X 1 + X2X2 c 


(2 < i < ra- 1), 


e*: Xi 

Xi 


cxai T 37+1^7+1 _ _c(xjXj T 27+1*27+1) 

QT> . _ I • . | ^ ^ • . _ 

Xj y Xj T ^i+l^i+l CXjXj T 37 +lXj_|_i 

Xj, Xj 1—* Xj (j 7^ i) (1 < i < n — 1), 


cx n _ix n _i T x n _ _ c(x n _ix n _i T x n ) 

e n _i: i n -i ^ En-i-=-;- x^hx^- 


X; 




Xn—lXn —1 T 
Xj, Xj^xj (jVn- 1 ), 
cx n , Xj 1—* Xj, Xj 1—Xj (j ^ n). 


CXn—l%n—l H - %ri 


e 0 (v(x)) = 


£i{v(x)) = 


X1X1 + x 2 x 2 


Xi 


, £i(v(x)) = — 1 + 


Xi 


x 2 x 2 

X 1 X 1 


Xi-1 


Xj 


XnXi 


1 + —iXj+1 ] (2 < f < n — 2), 


£ n -l{v(x)) = 


•^n—2 
^n—1 


1 + 


x„ 


„.2 

■"ra—1 


, e„(u(x)) = 

%n—l%n —1 / ^r. 


(XjXj) 2 


7o(v(x)) = —7iM^)) = » 7» = 

X 2 X 2 X 2 X 2 Xj-iXj.iXj+iXj+i 

/ / u (x n _ix n _i) 2 x 2 

7„_i(v(x)) =---, 7„(v[x)) = 


(2 < i < n — 2 ), 


%n—2'En—2%n 
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We can show Theorem 15.21 for A^_ ± similarly to the one for Bn\ 


5.8 11^-case 

We have w± = s 0 Si • • • s n s n _i • ■ • S 2 S 1 , and 
V(Z?i 2 | 1 ) := {v(x) := F 0 (^o)^i(^i) ■ ■-Y n (x n ) y n _i(x„_i) • ■ ■ Yi(xi)ui | Xi,x t G C x }. 
It follows from the explicit description of W(vo\) as in 14.71 that on W{w 1 ): 


Vi(c ) = exp(c Vi) = 


1 + c /, 


i 7 ^ 0 , n, 


1 + c 1 fi + * — 0 , n. 


Then we have 


w V) = + x Wo + x o4> + 


, 2=1 


. 2=2 


where 


&( x ) ■ = 


Xg+XlXl 

x 'o_ 

._ ) Xi-lXi-l +XiXi 


Xi-1 

Xn-lXn-l+xi 

%n— 1 


i = 1 
i 7 ^ 1 ,n 


1 = n 


Since avi + 1 = and <jvj+i = v n -i (0 < i < n) and a: v 0 <-></>, we also have 


' n —1 


cr(n(x)) = ^ g w -i^i + ^oW + + x„0 + x o vo, 


. 2=1 


v 2=1 


Solving v(y) = a(x)cr(n(x)) (x,y G (C x ) 2n ), we get a unique solution: 


a(x = 


Xn—lXn—l + X 2 


%n—l%r, 


_ X n _iX n -i + < 
Uo — -j 


Vi = 


'Kn—l'K'n 

(xn—i—1%n—i—1 “1“ %n—i%n—i) (^n—l^n—1 H” 
^n—2— l%n—l^n 

(xl + a:iXi)(a; n _iX n _i + x 2 n ) 


(1 < i < n), 


Un—l 

x 0 (x n _ix n _i + x 2 ) 


/v» 2 /y> /v »2 


Vn 

Vi = 


n—l^n 

(•^n—iTn —1 T Xfi^Xn—i+iXn—iXn—i 


Vn —1 


(*^n—i—iTn—j —1 T %n—iXn—i)X n —iX n 

(x n -ix n -i + X 2 )XoXiXi 


(1 < i < n — 2 ), 


(Xq + XiXi)x n _ia ;2 
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Then we have the rational mapping a: V(D^ 1 ) —> V( D ( ^_ { ) defined by v(x) h- * v(y). 
The explicit forms of e* (1 < i < n) are as follows: 


£i(v{x)) 

£i(v(x)) 


A f 1 , X 2X2 \ 
Xi V X!Xi J ’ 


£ n (v(x)) 


Xn —1 
X n 


Xj-l L X i+1 X i+1 \ 

Xi V XiXi J 


(2 < i < n 


2), e n _ 1 (v(x)) 


%n—2 


%n —1 




%n—l%n— 1 / 


Then we get easily that £ n _i(v(y)) = £j(x(x)) (1 < i < n — 1), which finishes the proof of 
Theorem 15.11 for ,. 

Let us define := a oe'of (a 2 = id), 7o := 7n ° and £q := £ n ° a. The explicit forms 
of ej, 7 i and £ 0 are 


e c n \ 


<-1 


x 0 H- 

Xi H 

x* H 

«Cn—1 

Xj e 
X„. H 


x 0 


C 2 Xq + XiXi 
c(Xq + XiXi) ’ 


c 2 xl + XiXi , v 

Xi ^ Xj 0/ 9 , -— (1 < i < n), 


! C 2 (Xq + XiXi) 


_ c 2 x^ + X1X1 , n 

Xj^W^-T (1 < ? < n - 1), 


Xj 


1 C 2 (Xq + XiXi) 

CXiXi + XiJ r \Xj t J r \ 




X^Xi + 


Xj, Xj ^ Xj ( j ± i), 


_ c(XjXj + Xj+iXj+i) 

X . |_v /y> . _ 

l 1 7 _ . _ 7 

CXiXi + X2-|-iX^_|_^ 

(1 < i < n — 1), 


%n— 1' 


CXn—lXn—1 + X, 


Xn—lXn—1 + X 2 n ’ 


„ _ c(x n _ix n _i + x 2 ) 

%n—l 1 * ^n—1" 


CX n _iX n _i + X 2 


Xj , X J 


Xj 


(j ^n- 1), 


CXr 


Xj 


Xj, Xj i-> Xj (j ^ n), 


7 o(x(x)) = -^zr, 7 i(v(x)) = ^ Xl ]_ , 7 j(u(x)) =- _ — (2 < i < n - 2 ), 

X 1 X 1 XqX 2 X 2 Xj_iXj_iXj + iXj + i 

, , u (x n _ix n _i) 2 x 2 

7„_l(v(x)) = ----—, 7n(^(x)) = 


e o(u(x)) = 


%n—2%n—2%ri 
Xq + X1X1 
13 • 


l^n—1 


Then similarly to the case Cn , we can show Theorem 15.21 for D 


( 2 ) 

n+1 - 


5.9 -case 

As in the beginning of this section, we have W\ = SoSi • • • s n s n -\ ■ ■ ■ s 2 Si and 

V(A^ }t ) := {xi(x) = Lo(^o)bi(xi) • ■ • F n (x n )F n _i(x n _i) ■ • • Yi(xi)xi | Xj,Xj e C x }. 
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By the explicit description of W{w\) as in 14.81 on W(w\) we have: 


yi(c ) = exp(c fi ) = 


1 +c 1 f i i^n, 

1 + c~ l fi + 2^ fl i = n. 


Then we have 


vi(x) = 


) +x n v 0 + [ ) where &(x) := 

2=1 


, 2=1 


XQ+X-LX-L i = 1 

x 0_ _ 

x i— 1 — 1 H~ XjCCj • _j_ -j^ 

fCz-1 ' ’ 

gn-l^n-l+a?n 

^n-l 


i = n 


Next, for tc 2 = s n s n _i ■ ■ • siSoSi ■ • ■ s n _i we set 

v 2 (4f£ )f ) := {^ 2 ( 2 /) = ^(j/n) ■■ -^l(j/l)^b(j/o)>l(l7l) • • -Fn-ld/n-l)^ \VuVi £ C X }. 

Then we have 


'n—1 


^(y) = ViVi + y n Vn + VnVo + X] r ii{v) v i where Vi(y) 


. i=l 


. i=l 


yo+yivi 

yi_ 

V i-iVi-i+yiVi 
Vi 

yn~iy n -i+yl. 

vl 


i = 1 
i 7^ 1 ,n 


1 = n. 


For x G (C x ) 2n there exist a unique y = (7/0, • • • , 2/1) £ (C x ) 2n and a(x) such that 
772(7/) = a(x) 7 ;i(x). They are given by 


a[x) = 


Xn~\Xn— 1T X r 


7/0 = a(x) x 0 = 


2 /i = a(aOfi(aO = 


rp rp A 

X 0 (Xn-l£n-l + £ 2 ) 2 


(x n _l£ 2 ) 2 

(x n _{X n -i + £ 2 )(x 0 + £i£i) 


%0%n—l'X'r l 


, w X (£i_i£i_i + £;£j)(x n _i£ n _i + X 2 ) , s 

Vi = a(x)&(x) = - = — = - 2 - (1 < * < w), 


^2 — 1*^21—1^77, 
2 


/ \ *^n—l*^n—1 "i“ ^77, 

y n = a(x)x n =----- 

1*^72 

£ 0 £l£l (Xn—l£n—1 + X^)x 0 ^l^l 


7/1 = a(x) 

y t = 


X 0 + X 1 X 1 (x 0 + £i£i)x n _i£ 2 

(x n -iX n -i + X 2 )x i _i£ i £ i 


(Xj—lXj_i + XjXj)x n _iX^ 


(1 < i < n — 2). 
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It defines a rational mapping a: V(A^) —> Y 2 (A^l^) { v i{ x ) ^ v 2 {y))- 
The inverse a" 1 : V 2 (^, 2)t ) —> V(A ^ )f ) (u 2 (i/) i—* Ui(o;)) is given by 


/ \ VoVi / i \\ 

a(y) :=-;-— (= a(x)), 


x 0 = a(y) 


y o + 2/i2/i 
—12/o + 2/1I/1 


l/i 


Xi = a(y)- l Viyi + Vi+lVi+1 (1 <i<n 


x n —1 ®(//) 

= a(y) _ 1 i/ n , 
Xi = a(y) 


2 /m 

— 1 yn—lljn—l + Vi 


yl 


-1 2/i2/i2/i +1 


®n-l = «(//) 


2/i2/i + 2/*+lZ/i+l 

-1 yn-lVn-iyl 

y n -iy n -i + vl 


(1 < i < n 


2 ), 


2 ), 


which means that the morphism cr: V(^ 2 n —* V 2 (^4 2 ^) is birational. Thus, we obtain 

Theorem o; ii). 

The actions of e; (i = 0,1, ■ • • , n — 1) on v 2 (y) are induced from the ones on Y i2 (y ) 
(i 2 = (n, • • • , 1, 0,1, • • • , n — 1)) since e;i% — 0 for i — 0,1, ■ ■ • ,n — 1. We also get 7 ,(n 2 (i/)) 
and £i(v 2 (y )) from the ones for Y\ 2 (y) where v 2 (y) = a(vi(x))\ 


4'- yo 


ei= y 1 


-i- yi 


• q/o, 

q/i! 7 i + l/o _ + 2/0) 

• yi———, vi^vi ———, 

2/12/1 + l/o C 2 /i 2 /i + 1/0 

w + yi-Wi-i - - c{yiyi + 2/»-i2/»- 1 ) 

2 /*-=—, yi ^ ?/i 


7oM?/)) = 
Ti(v 2 ( 2 /)) = 


yiyi + 2/*-i2/i -1 

7lM?/)) = 


2/0 


cyiyi + yi-Wi-i 

(yw 1) 2 


(* = 2 , ••• ,n-l), 


£;M 2 /)) = 


tel) 2 ’ 

te ) 2 

2/i-i2/i-i2/i+i!/i +1 

y_2 
yi 

yi-iVi -1 


2 /? 


2 /02/22 /s 

(* = 2, - - - ,n-2), 7„_ 1 (u 2 (j/)) = 

,2 


l/o 

2 /m 


^oM//)) = —, £l(V2(2/)) = — ( 1 + ) , £n-lM//)) = 

2/12/1 / 2/n-l 


2 /„ 


(l/n-iy n -l) 2 

y n -2y n -2yl 7 

yn-2V n -2 


1 + 


yn~\y n -i 


2 /* 


1 + 


2 /* 2 /* 


(i — 2 - ■ ■ ,7i — l). 


The explicit forms of £i(ui(x))and 7 ,( 111 ( 0 :)) (1 < i < n) are also induced from the ones 
fory il (a;):=y r o(aJ 0 ) ■ ■ ■ W(^i) and, we define £0(17(0;)) : =e 0 (u 2 (2/)) and 70(17 (0;)):=70 (n 2 (i/)) 
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(Mv) ’■= <t(vi(x))): 

£ 0 (xi(x)) = — (l + —, £i(v i(x)) = (l + Xl+1 °^ +1 ) (1 < i < n — 2), 

X 0 V X 0 ) Xi \ XiXi 


/ ( \\ x n—2 ( 1 X*. 

£ n _i(ui(x)) =-( 1 + 


%n —1 


^n—l*^n—1 


, £n(*h(x)) = 


Xn—1 


X„ 


Xn 


(XiXif 


(XiXif 


7 oMx)) = f _ = , 7 iMx)) = _ _ = , 7 i(«i(x)) = ~——=— (2 < i < n - 2 ), 


(x^y 


x 0 x 2 x 2 




7n-lO>l(x)) = —" ^ , 7n(M x )) = ——=- 

Xn—2Xn—2X n X n —lX n —1 

For z = 0, we define eg(ui(x)) = a -1 oejo < 7 ( 17 ( 0 ;)) = a ' 1 o eg(u 2 (i/)). Then we get 

C (cx 0 + XiXi ) 2 CXo + XiXi , s 

e 0 : x 0 ^ x 0 ^ | ^ _ ^ 9 , X* ^ x* —— , „ _ ^ (1 < i < n), 


/y» . |_v nn , 

ou i 1 ' >Xj 2 


c(x 0 + XiXi) 2 ’ 
CX 0 + X\X\ 


c(x 0 + XiXi) 


c(x 0 + XiXi) 
(1 < % < n «- 1 ), 


e,-: Xi 


x. 


CX{Xi ~j~ _ _ c(XjXj -|“ X^-i-lX^-i-l) 


_ /•£» . I_^ /"£» _ 

X{Xi ~f~ Xi-+-iXi-^i CXiXi ~|“ 


——, (l<z<zz— 1 ), 


c cx n _ x x n -\ + x„ 

e n _,: i„_i^ x n _i----— 

Xn—lX n —1 d" X- 

CX n . 


%n—l 1 ^ %n—l~ 


c(x n -lX n _i+ X%) 
CX n -lX n _i + X 2 


In order to prove Theorem 15.21 it suffices to show the following: 


(5.27) 

(5.28) 

(5.29) 

(5.30) 


e c i = a ‘oe'off, 7* = 7* o a, £* = £* o a (i ^ 0, n), 

pCl C 2 _ p c 2 Cl 
e 0 e n e n e 0 ) 

7n (eg (Vi (x) ) ) = 7n (Vi (x) ), 70 « K (x))) = 70 (xi (x)), 

£ o(eg(vi(x))) = c _1 £ 0 (xi(x)), 


which are immediate from the above formulae. Let us show (15.271) . Set v 2 (y) := a(v 1 (x)) 
and 17 (x') :—a~ 1 (e^(v 2 (y))) for i = 2, ■ • • ,n — 2. Then x'j = x 3 and x'- = Xj for j 7 ^ 7 — 1,7, 
and we have 

a{v 2 (y)) = a{vi(x)), 


x „■ = 


X,- = 


1 /_ , cyiVi\ CXiXi + x i+1 x i+1 

Vi+i +- 1 = x i 


a(v 2 (y)) V" t_r± Vi+i J " xai + x i+1 x i+ i 
1 CViViVi+l ^ c(XiXi + x i+1 x i+ 1 ) 


a(v 2 (y)) cytyi + z/i+iz/ i+1 cx^Xj + x i+ ix i+ i 

1 /_ , cyi-iVi-i 




x i -1 = 


^-1 = 


a(v 2 (l/)) 

1 


2/* 


Vi 


x i— 1) 


cyi-iVi-iVi _ _ 

_ X;_i, 


a(v 2 (2/)) cy^i + yi-xVi-x 
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where the formula yi / y i = a(vi(x))xiXi is useful to obtain these results. Therefore we have 
ef = a^ 1 o ef o a for i — 2, • ■ ■ , n — 2. Others are obtained similarly. 


6 Ultra-discretization of affine geometric crystals 


In this section, we shall see that the limit B^ of perfect crystals as in are isomorphic 
to the ultra-discretization of the geometric crystal obtained in the previous section. 

Let V(fl) be the affine geometric crystal for g as in the previous section. Let m = 
dimV(g). Then due to their explicit forms in the previous section, we have the following 
simple positive structure on V(fl): 

(6.1) 0: (C x ) m — V( fl ), 

X I—* v(x). 


Therefore, we obtain an affine crystal UV(V(g)) = (H(jj), {e;}j e /, {wtj}j g /, {£i} ie j). 

Theorem 6.1. For g = An\ Bn\ Cn\ Dn \ 42-n -4+1 an d 422 us denote its 
Langlands dual by g L . Then we have the following isomorphism of crystals: 


( 6 . 2 ) 


UV(V(s)) = 5 OO ( 0 L ). 


Here L: <-► A%\ L: B™ <-► 42-0 L: 


n( 2 ) t . ni 1 ) 

JJ n+ 1 ) 


• a {2) ^ d (2)t 

• 2^-2 n ^-2n ■ 

In the following subsections, we shall show Theorem 16.11 in each case. 
The following formula is useful for this purpose: 


(6,3) 

Note that, if c = 1, 


UV ( — —'■- ) = max(c + x, y) — maxh, y), 
v x + y ’ 


max(c + x, y) — max(x, y) = 


1 x>y, 
0 x < y. 


Dn ^ and 


6.1 A { n ] (n > 2) 

The crystal structure of ZTD(V(44) is given as follows: £>(44 = Z n and for x = 
(xi, ■ ■ ■ , x n ) G Z n , we have 

e 0 (x) = (xi - 1, x 2 - 1, • • • , x n - 1), 

6i(x) = (■■ ■ ,Xi + 1, - - -), (l<*<n), 

wt 0 (x) = -xi - x n , wti(x) = 2xi - x 2 , 

wt i(x) = -Xi -1 + 2 Xi - x i+ i (i = 2, • • • ,n-l), wt n (x) = 2x n - x„_i, 
£ 0 (x)=x 1 , efx) = x i+ i - Xi (i = 1 , • • • ,n - 1 ), £ n (x) = -x n . 
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Comparing with the result in 1.1.41 and the above formulae, we easily see that the following 
map gives an isomorphism of An' 1 -crystals: 

Z" — 

(xi---,x n ) i-> (&!,••■ ,b n ) = (xi,x 2 -Xi, • • ■ ,X„-X n _i). 

Thus we have proved Theorem Ib.ll for An *. 


6.2 B ( n ] (n > 3) 

Let us see the crystal structure of UV (V (Bn ')) = (B(Bn^), {e*}, {wtj}, {£*}). Due to the 
formula in 15.41 we have B(Bn' > ) = Z 2n_1 and for x = (xi, ■ ■ ■ , x n ,x n _i, ■ ■ ■ , Xi) G B(B^), 
we have 


e 0 (x) = 
ei(x) = 
&n-l(x) = 


(i = 1, • • • ,n - 2), 


(xi, x 2 — 1, • ■ ■ , x n — 1, ■ • • , x 2 - 1, x x — 1) if xi + xx > x 2 + x 2 , 

(a?i - 1, x 2 - 1, ■ ■ ■ , x n - 1, • • ■ , x 2 - 1, Xi) if Xi + Xi < x 2 + x 2 , 

(xi, ■ ■ • , Xj + 1, • ,Xj, ■ ■ ■ ,x x ) if Xi + Xi > x i+ i +x i+1 , 

(xi, ■ • • ,x u • • • ,Wi + 1, • • • ,Ti) if Xi + x { < x i+ i + x i+1 , 

(xi, • • • , x n —\ + l,x n ,x n _i, ■■■ ,xi) if x n _i + x n _i > 2x n , 

(x\, , %n— I; %ni %n— 1 T 1, , Xi) if X n _i 4~ Xfj—i 2x n , 

Cn (*^) (-D ) 1; "^n 4“ 1; 1) j ; 

wt 0 (x) = (x 2 + x 2 ), wti(x) = 2(xi + Xi) - (x 2 + x 2 ), 

wti(x) = — (xj_i + Xj_i) + 2(xj + Xj) - (x i+1 + x i+1 ) (i = 2, • • • , n - 2), 

Wt n —i(x) (-Eri —2 4“ 2 ) 4“ 2(x n _i T X n _i) 2x n , wt„(x) 2x n (Xn,—! T Xyj—i), 

£q(x) = max(xi + Xi, x 2 + x 2 ) - Xi = x x + (x 2 + x 2 - Xj — Xi) + , 

£l(x) = (x 2 + X 2 — Xi — Xi)+ - Xi, 

£i(x) = Xj_i - Xi + (x i+ i + x i+ i - Xj - Xj)+ (i = 2, • • • , n - 2), 

£n—l(x) X n —2 *^n —1 4“ (2 X n X n _i X n _i)_|_, £ n (x) X n _i X n . 

Comparing the result in 1,4.81 and the above formulae, it is easy to see that the following 
map gives an isomorphism of ^crystals: 

— £U4L.) 

(xi, • • • ,x n , • • • ,Xi) !->• (&!,■■• A A, ••• A), 

where 


61 = xi, bi = Xi- Xj_ i (i = 2 , ■ ■ • , n - 1), b n = x n - x n _i, 

bi = Xj_i - Xj (i = 2, • • • ,n), = -Xi. 

We have proved Theorem lb. II for Bn\ 
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6.3 rf 1} (n > 2) 

Let us see the crystal structure of U'D(V(Cn' 1 )) = (8(0^), {&i}, {wtj}, {£*}). We have 
B(Cn^) = Z 2n and for x = (x 0 ,xi, ■ ■ ■ ,x n ,x n -i, ■ ■ ■ ,xi) e 8(0^), we have 


e 0 (x) = 


eAx = 


\ (x 0 + 1, x 1} ■ ■ ■ , x n , x n _i, ■ • ■ , x 2 , Xi) if x 0 >x 1 + x ± , 

\(x 0 - 1, • ■ ■ , X n -l -l,x n - 2,x n _i - 1, • • ■ ,X 2 - l,xi - 1) if X 0 < Xi + Xi, 

(x 0 , ■ • ■ ,x* + 1, • ■ ■ ,Xj, • ■ ■ ,xi) if X* + Xj > x i+l + x i+1 , ^ ^ n — 2) 

(x 0 , ■ ■ ■ ,x h - ■ ■ ,Xi + ,xi) if Xi+Xi < x i+1 + x i+1 , 


e n -i(x) = 


V n't 


(x 0 , • • • , X n _i + 1, X n , X n -!, ■■■ ,Xi) if X n -1 + X n -i > X r . 

(x 0 , j X n _i , X n , X n —\ + 1) • ‘ ‘ , Xi) if X n _i “I - X n _i Xyj 
e n (x) = (x 0 , • • • ,x re _i,x n + l,x n _i, • • • ,xi), 
wt 0 (x) = 2x 0 - 2(xi + Xi), wti(x) = 2(xi + Xi) - (x 0 + x 2 + x 2 ), 
wtj(x) = —(Xj_i + Xi- 1 ) + 2(x* + Xi) - (x i+ i + x i+ i) (i = 2, ■ • • ,n- 2), 
wt n _i(x) = -(x n _ 2 + x n _ 2 ) + 2(x n -i + x n _i) - x n , wt n (x) = 2x n - 2(x n -i + x n _ 1 ), 
e 0 (x) = x 0 + 2(xi + xi - x 0 ) + , 

£j(x) = Xj_i - Xi + (x i+ i + Xj+i - x* - Xj)+ (i = 1, • • • , n - 2), 

£ n _l(x) X n —2 X n _+ "l - (x n X n _i X n _i)+, £ n {x) 2x n _i X n . 


Comparing the result in 13.91 and the above formulae, we see that the following map gives 
an isomorphism of -crystals: 

. B+oi+i) 

(x 0 ,xi, ■ • • ,x n , ■ ■ ■ ,xi) ^ (&!,■•• ,b n ,b n ,--- ,bi), 


where 

bi = xi, bi — Xi — x^ i (i = 2, • • • , n - 1), b n = ^x n - x n _ x , 
K = x n _1 - ~x n , bi = Xi-! - Xi (i = 1, • • ■ , n - 1). 

We have proved Theorem 16.11 for Cl^. 
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6.4 D { n ] (n > 4) 

Let us see the crystal structure of UV(V(Dn' > )) = (B(Dn' > ), {e*}, {wtj}, {£*}). We have 
B(Dn ' 1 ) = Z 2n ~ 2 and for x = (xi, ■ ■ ■ , x n ,x„_i, • • • , X\) G B(D^), we have 


e 0 (x) = 


(xi, x 2 - 1, • ■ • , x n - 1, ■ • ■ , x 2 - 1, x x - 1) if xi + xx > x 2 + x 2 , 

(xi — 1 , x 2 - 1 , • • ■ , x n — 1 , • ■ ■ , x 2 1 , xi) if xi + xi < x 2 + x 2 , 

(xi, ■ • • ,Xi + 1, • • • ,Xi, ■ ■ ■ ,xi) if Xi + Xi > x i+ i +x i+ i, 


e^xj = <; ' _ _ _ ' (z — 1, • • ■ , n — 3), 

(Xi, • ■ ■ , X^ ■ ■ ■ , Xi + 1, ■ • ■ , Xi) if Xi+Xi< x i+1 + X i+ i, 


e n - 2 [x) = 


ni 

n-, 


(xi, • • • , x n — 2 + 1, • • • , x n _ 2 , ■■■ ,xi) if x n - 2 + x n _ 2 > x n —\ + x 

(xi, • • • , X n _ 2 , • • • , ~Xn—2 + 1, • • • , ^l) if Xn- 2 + X n - 2 < X n _i + X, 

e n _i(x) = (xi, • • • ,x n _i + l,x n , • • • ,Xi), 
e n (x) = (xi • • • ,x n _i,x n + 1, • • • ,xi), 
wt 0 (x) = (x 2 + x 2 ), wti(x) = 2(xi + Xi) - (x 2 + x 2 ), 

wtj(x) = (xj_i + Xi- 1) + 2(xj + Xi) - (x i+ i + x i+ i) (z = 2, • • • , n - 3), 
Wt n _ 2 (x) = (x n _ 3 + x n _ 3 ) + 2(x n _2 + x n _ 2 ) - (x n _ 1 + x n ), 

wt n _i(x) = -(x n _ 2 + x n _ 2 ) + 2(x n _i + x n _i), wt n (x) = 2x n - (x n _ 2 + x n _ 2 ), 

£o(t) = max(xi + x 3 , x 2 + x 2 ) - xi = x 3 + (x 2 + x 2 - xi - xi)+, 

£i(x) = (x 2 + x 2 - Xi - Xi)+ - Xi, 

£j(x) = Xj_i - Xi + (x i+ i + Xj+1 - Xi - Xi) + (z = 2, ■ • • , n - 3), 

^n— 2 ^x) = X n _3 — X n — 2 + +(x n _i + X n — X n _ 2 — X n _ 2 ) + , 

£ n _l(x) X n — 2 X n _ 3 , £ n (x) X n — 2 X n . 

Then the following map gives an isomorphism of 4crystals: 


(xi, 5 3^71 — 1? *^775 ^77—2? 5 *^l) 


ScolflP) 

(^1 ; ) bm bn— 1 ; 


A), 


where 


6 i = xi, bi = Xi- Xi _i (z — 2, • • • , n - 2), 6 n _i = x n _i - x„_ 2 , b n = x n - x n - X , 

77 77 — 1 

fe n _i = x n — 2 - x n , bi = x ^i - Xi (z = 2 , • • • ,n - 2 ), fti = - 7 " h - ^ 1), = -x x . 

7—1 7=2 

We have proved Theorem 16.II for D„ l . 
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6.5 4ti (" > 3) 

The crystal structure of = (^(^2n-i); {e*}, {wt ?; }, {£*}) is given by: 

= Z 2n_1 and for x = (xx, • • • , x n ,x n _i, • • • , Xi) G B(A^_ 1 ), we have 

(xi, x 2 — 1, • ■ ■ , x n - 2, ■ • • , x 2 — 1, xi - 1) if Xi + Xi > x 2 + x 2 , 


e 0 (x) = 


(xi - 1, x 2 - 1, ■ ■ ■ , x n — 2, • ■ • , x 2 — 1, xi) if xi + xi < x 2 + x 2 , 


_/v , (xi, • • • ,Xi + 1, • • • ,Xi, ■ ■ • ,xi) if Xi + Xi > x i+1 + x i+ i 

ej(x) = _ _ _ _ [i — 1, • ■ ■ , n — 2), 

(xi, • • • , x^ ■ ■ ■ , Xi + 1, • • • , xi) if x, + Xi < x i+ i + x i+ i, 


e n _i(x) = 


(xi, ■ • • ,x n _i + 1 5 %n— 1? • ■ ■ ,Xi) if x n _i + x n _i > x r 


(xi, j x n _i, x n , x n —\ T 1; i Xi) if x n —\ T x n _x x n , 

Cn (x) (Xl j X n _1) "^n “h X n —\, ; X] ), 

wt 0 (x) = — (x 2 + x 2 ), wti(x) = 2(xi + Xi) - (x 2 + X 2 ), 

Wt*(x) = (xj_i + Xj_i) + 2(xj + Xi) - (x i+1 + x i+ i) (i = 2, • • • , n - 2), 
wt„_i(x) = -(x n _2 + x n _ 2 ) + 2(x n _i + x n _i) - x n , wt n (x) = 2 x n - 2(x n _i + x n _x), 
£o(x) = max(xi + xi, x 2 + x 2 ) - x x = x x + (x 2 + x 2 — Xj — xx)+, 

£i(x) = (x 2 + x 2 - Xi - Xi) + - Xi, 

£i(x) = Xj_i - Xj + (x i+ i + x i+ i - Xi - Wi)+ (i = 2, ■ • • , n - 2), 

£ n _l(x) X n —2 Xfj—i T (x n X n —\ X n _x)-f) £ n (x) 2x n _i x n . 

Then the following map gives an isomorphism of .B^-crystals: 

^B(4Li) — B^B™) 

(xi, • • • ,x n , ■ ■ • ,xi) i-» (6i, • • • ,b n ,b n , ■ ■ ■ ,bi), 

where 

b\ = xi, bi = Xi- Xj_i (i = 2, • ■ • , n - 1), b n = -x n - x n _x, 

5„ = *„-! - \x„ b, = *_, - a* (i = 2, • •• ,«- 1), bi = 

We have proved Theorem 1(1,11 for A^-i- 


6.6 D®! (n > 2) 

Let us see the crystal structure of U'D{y(D^ 1 )) = (^(.D^), {e*}, {wt*}, {£*}). We have 
/5(H^ 2 |x) = Z 2n and for x = (x 0 , Xx, ■ • ■ , x n , x n _x, • • • , Xx) G we have 

{ (x 0 + l,xx, • • • ,x n ,x n _x, • • • ,x 2 ,xx) if 2x 0 > xx + xx, 

(x 0 ,xx - 1 • • • , x n - l,x n _x - 1, • • • ,xx - 1) if 2x 0 + 1 = xx + xx, 

(x 0 - 1, • • • , x n _x - 2, x n - 2, x n _x - 2, ■ • • , x 2 - 2, xx - 2) if 2x 0 + 1 < Xx + xi, 
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where we use the formula 


f 2 x > y, 

max(2 + x, y) — max(x, y) — < 1 x + 1 = y, (x, y e Z). 

[o x + 1 < y, 


(xi, • • • ,Xj + 1, • • • ,Xi, • • • ,xi) if Xj + x* > x i+1 + x i+ i, 
e AJ = W _ (* = 1, - - ■ ,n — 2), 

(Xi, ■ ■ ■ ,Xi, - ■ ■ ,Xi + 1, • • • , Xi) if Xj + Xj < Xj+1 + Xj+1, 


e n ~i(x = 


(xi, • • • ,x n _i + 1 ? *£ 71 ? 1 ? • • • , Xi) if x n _i + x n —i > 2x, 


ni 

ni 


(xi, • • • , x n _i, x n , x n _i + 1, • • • , Xi) if x n _i + x n _i < 2x^ 

&n(.x') (*Elj j ^n—1) “I - 1) *^n—lj ; -^l); 

wt 0 (x) = 2x 0 - (xi + Xi), wti(x) = 2(xi + Xi) - (2x 0 + x 2 + x 2 ), 
wtj(x) = (xj_i + Xj_i) + 2(xj + Xj) - (Xj +1 + Xj+i) (i — 2, - ■ ■ ,n- 2), 
wt n _i(x) = (x n _ 2 + x n _ 2 ) + 2(x n _i + x n _i) - 2x n , wt n (x) = 2x n - (x n _i + x n _i), 

£o( x ) = -Xo + (xi + Xi - 2x 0 )+, £i(x) = 2x 0 - Xi + (x 2 + x 2 - Xi - Xi)+ 

£j(x) = Xj_i - Xj + (Xj +1 + Xj +1 - Xj - Xj)+ (i = 2, • • • , n - 2), 

^n—l(x) X n —2 X n — i “I - (2x n X n _i X n _i) + , £ n (x) X n _i X n - 

Then the following map gives an isomorphism of Cy 1 -crystals: 


(xq, Xi, , x n , , Xi) 


BoofC' 1 )) 

(^lj i bni br 


A), 


where 

6x = xi, 6j = Xj - Xj_i (z = 2, • • • ,n),6j = Xj_i - Xj (i = 2, • • • ,n), 6 1 = 2x 0 -x 1 . 


We have proved Theorem 16.11 for D 


( 2 ) 

n+l‘ 


6.7 4 2 „ >f (n> 2 ) 

Let VfAg 1 ) be the affine ^-geometric crystal as in 15.91 We shall see the crystal 
structure of UV{V(A { ^ ] )) = ( B(A \£ )f ), {ej, {wtj}, {e*}) is given by: B(A^) = Z 2n and 
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(xo + 1, Xi, ■ ■ ■ , X n , X n _i, • • • , X2, Xi) 

(xq 1, X\ 1 , X n —\ 1, X n 1, X n —\ 


if x 0 > Xi + Xi, 

— xi — 1) ifx 0 <Xi + Xi, 


(xi, • • • , X n —i + 1, x n , x n _i, ■ • • , Xi) if X n _i + X n _i > 2x ; 
(xi, • • • , x n _i, x n , x n _i + 1, ■ • • , Xi) if x n _i + x n _i < 2x, 



wt 0 (x) = 2x 0 - 2(xi +Xi), wti(x) = 2(xi +x x ) - (x 0 + x 2 + x 2 ), 
wtj(x) = (xj_i + Xi_i) + 2(xi + Xi) - (x i+ i + Xj+i) (i = 2, ■ ■ ■ , n - 2), 

wt n _i(x) = (x n _ 2 + x n _ 2 ) + 2(x n _i + x n _i) - 2x n , wt n (x) = 2x n - (x n _i + x„_i), 
£ 0 (x) = x 0 + 2(xi + Xi - x 0 )+, 

£*(x) = Xj_i - Xj + (x i+ i + x i+ i - x* - Xi)+ (* = 1, • • • , n — 2), 

£' n _l(x) Xn — 2 “I - (2x n X n _i X n _i)_|_, £ n (x) X n _i X n . 

Then the following map gives an isomorphism of A^-crystals: 


**: 0 ( 4 2 „ n ) — ^( 45 ) 


(x 0 ,Xi, ■ • • ,x n , • • • ,Xi) ^ (&!,■■■ A A, ,60, 


where 


b\ = xi, bi = Xj Xj_i (i = 2, ■ • • ,n- 1), b n = x n — x n _i, fe* = x*_i -x* (i = 1, • ■ • ,n). 
We have proved Theorem 16.II for 45 f - 
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